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ABSTRACT
A n e a r - f i e l d  i s  lo c a l ly  f i n i t e  i f  e v e ry  f i n i t e  s u b s e t  o f  i t  g e n e r a t e s  
a f i n i t e  s u b - n e a r - f i e l d .
The main aim o f  t h i s  t h e s i s  i s  t o  g iv e  a c o h e re n t  a c c o u n t  o f  l o c a l l y  
f i n i t e  n e a r - f i e l d s ,  i n c l u d i n g  f i n i t e  o n e s .  The w e l l  known r e s u l t s  f o r  
f i n i t e  n e a r - f i e l d s  a r e  l i s t e d  and p r o o f s  a r e  g iv e n  w here a p p r o p r i a t e .  The 
r e s u l t s  o f  Z assenhaus  c l a s s i f y  f i n i t e  r e g u l a r  n e a r - f i e l d s  a c c o r d in g  t o
ln  l  • •t h e i r  o r d e r ,  p , and t h e  o r d e r  o f  t h e i r  c e n t r e s ,  p , and Luneburg  has
d e te rm in e d  th e  number o f  isom orph ism  ty p e s  w i t h i n  each  c l a s s .  A
p o ly n o m ia l  k i s  g iv e n  h e r e  w h ic h ,  t o g e t h e r  w i th  t h e  t r i p l e  p ,  l , n „
c o m p le te ly  d e te rm in e s  a f i n i t e  r e g u l a r  n e a r - f i e l d ,  up t o  isom orph ism . The
s u b - n e a r - f i e l d  s t r u c t u r e  i s  d e te rm in e d  i n  te rm s  o f  t h e s e  i n v a r i a n t s  and some
r e s u l t s  c o n c e rn in g  n e a r - f i e l d  embeddings a r e  i n c l u d e d .
A c l a s s i f i c a t i o n  o f  l o c a l l y  f i n i t e  n e a r - f i e l d s ,  s i m i l a r  t o  t h a t  f o r  
f i n i t e  n e a r - f i e l d s , i s  o b t a i n e d .  A l l  l o c a l l y  f i n i t e  n e a r - f i e l d s  ( w i th  th e  
e x c e p t io n  o f  th o s e  b e lo n g i n g  t o  t h e  se v en  f i n i t e  i r r e g u l a r  isom orph ism  
t y p e s )  a r e  shown t o  be  r e g u l a r .  I n v a r i a n t s  which d e te rm in e  a l o c a l l y  
f i n i t e  n e a r - f i e l d  up t o  isom orph ism  a r e  o b t a i n e d  -  t h e s e  i n c l u d e  t h e  
i n v a r i a n t s  f o r  f i n i t e  n e a r - f i e l d s  as  a  s p e c i a l  c a se  -  and th e  au tom orph ism
group o f  a  l o c a l l y  f i n i t e  n e a r - f i e l d  i s  d e te rm in e d .
F i n a l l y ,  a b r i e f  d i s c u s s i o n  o f  some p o s s i b l e  p rob lem s i s  i n c l u d e d  and
some i n f o r m a t io n  i s  o b t a i n e d  a b o u t  n e a r - f i e l d s  whose m u l t i p l i c a t i v e  
g roups  s a t i s f y  c e r t a i n  c o n d i t i o n s .
(iv)
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1CHAPTER ONE 
INTRODUCTION
1. Introductory remarks
Dickson gave the first example of a near-field in 1905 in "Definitions 
of a group and a field by independent postulates" [19]. The near-field had 
order 9 and the example was given as part of a proof showing the 
independence of a certain set of axioms for fields.
In the same year, Dickson's "On finite algebras" [20] was published.
Here he exhibits infinitely many near-fields as well as proving some results 
for near-fields in general. He also mentions here that Veblen had already 
used the example in his previous paper to construct a finite non-Pascalian 
geometry. This is, presumably, one of the examples of a non-Desarguesian 
and non-Pascalian geometry which appeared in Veblen and Maclagan-Wedderbum 
[59] two years later.
The early connection between near-fields and geometries continues. 
Near-fields occur as co-ordinatising algebras of finite affine or 
projective geometries and may be used to construct such geometries. Although 
most of the applications of near-fields have been to geometry, references to 
near-fields occur also in other contexts, as, for example, in Vajda [57] and 
[58] in connection with block designs.
In 1936, Zassenhaus' paper "Uber endliche Fastkörper" [68] appeared. 
Zassenhaus extended Dickson's result by constructing near-fields of order 
~Lyi lp , with centres of order p , whenever p, Z, n satisfied certain 
conditions. He also showed that, apart from seven isomorphism types, all 
finite near-fields can be obtained in this way.
A similar construction was shown to give rise to infinite near-fields 
by Karzel [37] in 1965. He called such near-fields Dickson near-fields.
More recently, they have been called regular near-fields (as will be done
2here). Apart from the seven finite exceptions given by Zassenhaus, all 
known near-fieIds are regular.
Although Zassenhaus classified all finite near-fields according to
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their orders, p , and the orders, p , of their centres, it was not 
until 1971 that Lüneburg [45] gave the number of isomorphism types of near­
fields for given p, Z-, n - despite earlier conflicting "results" by 
others.
In 1940, Kalscheuer [31] showed that the only continuous near-fields 
of finite dimension over the field of real numbers, which are not fields, 
have dimension 4 and belong to a single family characterised by one 
parameter. The field of real numbers is never central.
A near-field is locally finite if every finite subset of it generates 
a finite sub-near-field.
After finite near-fields, it is a natural progression to consider 
locally finite ones. The main aim of this thesis is to give a coherent 
account of locally finite near-fields, including the finite ones.
Chapter one is concerned with general results regarding near-fields 
and includes a new description of regularity.
As well as the well-known results for finite near-fields, chapter two 
is concerned with finite near-fields in general. The triple p, Z-, n 
mentioned above together with a certain polynomial are shown to be 
invariants describing a near-field up to isomorphism. A description of the 
sub-near-field structure and some results concerning near-field embeddings 
are also included.
Chapter three consists of the classification of locally finite near­
fields. In particular, they are all shown to be regular. Invariants, similar 
to those of chapter two, are obtained and the automorphism groups determined.
Finally, the epilogue contains a brief discussion of some finiteness 
problems for near-fields. Some partial results are obtained and an example 
is given to show that unlike the field case, there is no bound on the order
3ol a j i n i t e  n e a r - f i e l d  ( o f  g iv en  p rim e c h a r a c t e r i s t i c )  g e n e r a te d  by an 
e le m e n t  o f  g iv en  o r d e r .
2. Def in it ions  and preliminary results
2.1 DEFINITION. A ( r i g h t - d i s t r i b u t i v e )  n e a r - f i e l d  F( + , •) i s  a s e t  
F w i th  two b i n a r y  o p e r a t i o n s ,  an " a d d i t i o n "  + and a " m u l t i p l i c a t i o n "  • , 
s a t i s f y i n g
( i )  F(+) i s  an a b e l i a n  g ro u p ,  w i th  i d e n t i t y  0 ,
( i i )  F*(•)  i s  a g ro u p ,  where F* = F \  0 ,
( i i i )  0 *a - a*0 = 0 f o r  a l l  a € F ,
( i v )  (a+b)ac = a*c + b*c f o r  a l l  a ,  b , c € F . □
The n e a r - f i e l d  F ( + ,  • )  and i t s  m u l t i p l i c a t i v e  group F * ( #) w i l l  
f r e q u e n t l y  be d e n o te d  by F and F* r e s p e c t i v e l y ,  w h i l e  a*b w i l l  be  
w r i t t e n  as  ab . For  c o n v e n ie n c e ,  o t h e r  s i m i l a r  c o n v e n t io n s  w i l l  be 
a d o p te d .  For exam p le ,  t h e  symbol 1 w i l l  be  u sed  t o  d e n o te  th e  
m u l t i p l i c a t i v e  i d e n t i t y ,  t h e  s e t  c o n t a i n i n g  o n ly  t h e  i d e n t i t y  e le m en t  and 
th e  t r i v i a l  m u l t i p l i c a t i v e  su b g ro u p .  U n ex p la in ed  group t h e o r e t i c  n o t a t i o n  
and d e f i n i t i o n s  a r e  as  found  in  [ 2 5 ] .
T hroughou t t h i s  w ork , n e a r - f i e l d  w i l l  a lw ays mean r i g h t - d i s t r i b u t i v e  
n e a r - f i e l d .  The c h o ic e  o f  t h e  r i g h t - d i s t r i b u t i v e  law a l lo w s  a more p l e a s i n g  
d e f i n i t i o n  o f  r e g u l a r i t y  in  s e c t i o n  3 t h a n  would t h e  l e f t - d i s t r i b u t i v e  law . 
A lthough  most a u th o r s  u se  l e f t - d i s t r i b u t i v i t y , i t  i s  c l e a r  t h a t  i f  a r e s u l t  
h o ld s  f o r  l e f t - d i s t r i b u t i v e  n e a r - f i e l d s ,  a c o r r e s p o n d in g  one h o ld s  f o r  r i g h t -  
d i s t r i b u t i v e  n e a r - f i e l d s .  No f u r t h e r  r e f e r e n c e  w i l l  be made t o  t h i s  when 
q u o t in g  r e s u l t s  p ro v ed  f o r  l e f t - d i s t r i b u t i v e  n e a r - f i e l d s .
A ls o ,  f i e l d  w i l l  be  u se d  t o  d e n o te  a  no t n e c e s sa r i ly  commutative f i e l d ;  
t h a t  i s ,  f i e l d  i s  u sed  w here many a u th o r s  use  skew f i e l d  o r  d i v i s i o n  r i n g .  
However, most o f  t h e  f i e l d s  r e f e r r e d  t o  w i l l ,  i n  f a c t ,  be  f i n i t e  o r  l o c a l l y  
f i n i t e  and t h e s e  a r e  a lw ays com m uta t ive .
I t  i s  w e l l  known t h a t  t h e  c o m m u ta t iv i ty  o f  a d d i t i o n  i s  r e d u n d a n t  i n  t h e
4d e f i n i t i o n  o f  a n e a r - f i e l d .  A lready in  [ 2 0 ] ,  Dickson g ives  a p ro o f  o f  t h i s  
which he a t t r i b u t e s  t o  Maclagan-Wedderburn. For o th e r  p ro o fs  s e e ,  f o r  
exam ple, B.H. Neumann [50] o r  Zemmer [7 1 ] .
2 .2  DEFINITION. A s u b se t  S o f  a n e a r - f i e l d  F( + , •) i s  a 
s u b - n e a r - f i e ld  o f  F i f  S( + ) and £ * ( • )  a re  g roups . I f ,  m oreover, 
a(b+e)  = ab + ac f o r  a l l  a ,  b t a € S , then  S i s  a s u b - f i e l d  o f  F .
The i n t e r s e c t i o n  o f  a l l  th e  s u b - n e a r - f i e l d s  o f  F c o n ta in in g  a s u b se t  R 
i s  th e  s u b - n e a r - f i e l d  g en era ted  by R . □
I t  i s  c l e a r  t h a t  th e  s u b - n e a r - f i e l d  g en e ra ted  by 1 i s  a f i e l d ;  in  
f a c t ,  i t  i s  isom orphic  to  e i t h e r  Q , th e  f i e l d  o f  r a t i o n a l  numbers, o r  
GF(p) , th e  f i n i t e  f i e l d  w ith  p e lem ents  where p i s  a p rim e.
2 .3  DEFINITION. The prime f i e l d s  P(F) , o f  a n e a r - f i e l d  F i s  th e  
s u b - f i e l d  g e n e ra te d  by 1 . The c h a r a c t e r i s t i c , ch a r  F , o f  F i s  th e  
c h a r a c t e r i s t i c  o f  P(F) . (T hat i s ,  cha r  F i s  0 i f  P(F) i s  isom orph ic  
to  Q and char  F i s  p i f  P(F) i s  isom orph ic  to  GF(p) . )  The c en tre  
o f  F i s
Z(F) = { z  € F : z f  = f z  f o r  a l l  f  € F} .
The k e r n e l  o f  F i s
K(F)  = {k € F : k( f +g)  = k f  + kg  f o r  a l l  / ,  p € F} . □
C le a r ly  K(F)  i s  a s u b - f i e l d  o f  F . A lso , s in c e  th e  prime f i e l d
P(F) i s  a s u b - f i e l d  o f  every  s u b - n e a r - f i e I d  o f  F , i t  fo l low s  t h a t  P(F) 
i s  c o n ta in e d  in  K(F)  . F u r the rm ore ,  i t  i s  c l e a r  from th e  d e f i n i t i o n s  o f
Z(F) and F(F) t h a t  Z(F) i s  c o n ta in e d  in  K(F) . I t  i s , however, in
g e n e ra l  n o t  t r u e  t h a t  Z(F) eq u a ls  K(F)  o r  even t h a t  P(F) i s  c o n ta in e d  
in  Z(F) . For exam ple, in  th e  i r r e g u l a r  n e a r - f i e l d  o f  o rd e r  25 d e s c r ib e d  
in  s e c t i o n  4 , th e  o r d e r ,  |Z (F ) |  , o f  Z(F) i s  3 , w h ile  
|P ( f ) |  = |X (F) | = 5 .
The fo l lo w in g  r e s u l t s  a re  immediate consequences o f  th e  d e f i n i t i o n  o f  th e  
k e r n e l  and th e  r i g h t - d i s t r i b u t i v i t y  o f  F .
52 .4  LEMMA. I f  S i s  a su b -fie ld  o f  a n ear-fie ld  F such that S
is  contained in the kernel o f F 3 then F can be regarded as a ( l ef t )  
vector space over S . □
2 .5  COROLLARY. A f in ite  near-fveld has order p^ where p is  a
prime and X > 0 . □
2 .6  DEFINITION. I f  S i s  a s u b - f i e l d  o f  a n e a r - f i e l d  F such t h a t
S i s  c o n ta in ed  in  K(F) , then  th e  dimension o f  F over  S i s  th e  
dim ension o f  F c o n s id e re d  as a v e c to r  space over  S . □
I f  V i s  a v e c to r  space o f  ( f i n i t e )  dim ension n over  a commutative 
f i e l d  K , th en  GL(n, K) w i l l  denote  th e  group o f  a l l  l i n e a r  t r a n s fo rm a t io n s  
o f  V on to  i t s e l f .  S ince each elem ent o f  GL(n, K) maps V onto i t s e l f ,  
GL(n, K) can a l s o  be th ough t o f  as th e  group o f  n o n - s in g u la r  n x n 
m a tr ic e s  over K .
An elem ent o f  GL(n, K) i s  fixed  point free  i f  i t  f ix e s  no no n -ze ro  
e lem ent o f  V . A subgroup o f  GL(n, K) i s  fixed  point free  i f  every  non­
i d e n t i t y  elem ent o f  th e  subgroup i s  f ix e d  p o in t  f r e e .
I t  can e a s i l y  be checked t h a t  an e lem ent o f  GL(n, K) i s  f ix e d  p o in t  
f r e e  i f  and only  i f  th e  m a tr ix  has no e ig e n v a lu e  eq u a l  t o  1 .
The subgroup o f  GL(n, K) c o n s i s t i n g  o f  a l l  m a tr ic e s  w ith  
d e te rm in a n t  1 w i l l  be deno ted  by SL(n, K) . I f  K i s  f i n i t e  o f  o rd e r  
q , then  GL(n, K) and SL(n, K) w i l l  be denoted  by GL(n, q) and 
SL(n, q) r e s p e c t i v e l y .
2 .7  THEOREM. Let F be a n ear-fie ld  o f  f in i te  dimension n over i t s  
prime f ie ld  K . Then GL(n, K) has a fixed  point free subgroup S* such 
that i f  S = S* u (0) j  where (0) denotes the n x n matrix with a ll  i t s  
en tries  0 3 an addition can be defined on S in such a wag that3 under 
th is addition and matrix m u l t i p l i c a t i o n S  is  a n ear-fie ld  isomorphic to
F .
6over
Proof. Let 1 = , . . . , x^ be a basis for F as a vector space
K . Thus, if f is in F , then f - £ k where the are
£=1
in K . If a is in F* , then the mapping from F onto itself defined
n
by f -* fa is a linear transformation. Moreover, if x .a - ]T a. -x. ,
j i=1 iC i
where ou . is in F , then the mapping induced by a corresponds to the 
matrix
a ci ... a11 12 In
a 0Lrt ... a 21 22 2n
a , a Ä .. a nl n2 nn
■  ^
of GL(n, K) . This matrix will be denoted by (a) . For a £ 1 , it 
follows that fcL - f only if / = 0 and so (a) is fixed point free.
Let S* = {(a) : a € F*} . Clearly 5* is a fixed point free subgroup of 
GL(n, K) and the mapping from F* to S'* defined by a ■+ (a) is an 
isomorphism. Furthermore, if
(a)
c l, a, „ ... ol ot a, ... a11 12 In 11 12 in
a21 a22 * * • a2n 32i 322 ... 32n
and (b ) -
. . . •
a a Ä ... a ß ß ... ßnl n 2 nn_ _ nl n2 nn
are in S* , then
l*a = a *1 + a *x0 + ... + a *x = 1 *b 11 12 2 In n
and thus a = b and (a) = (b) . Also, it is clear that (0) is the only
element of S with ol . = 0
io
for «7 = 1» •••> n . Thus, given S* , every
element of S is completely determined by the entries of its first row.
Now let an addition on S be defined by
7( a ) + <*>> = [ a i j ]  + s__
i
’a i i + ß n a i 2+f312 * ‘ * a l n + ^ l n
=
Y21 Y22 Y2 n
. Yn 2 yn n
= ( 0 ) ,
w h e r e , f o r  £ = 2 , . . . ,  n  a n d  j  - 1 , . .  . ) n  , Y . . i s  ur 
rC
d e t e r m i n e d  b y ( 0 ) b e i n g  i i1 s  . C l e a r l y ,
( a )  + ( b ) = ( a + b ) ,
and th e  mapping from F( + ) to  S(  + ) d e f in e d  by a -* (a )  i s  an 
isom orphism .
A lso , m a tr ix  m u l t ip l ic a t io n  can be ex tended  from S* to  S and
( a ) ( 0 )  = ( 0 ) ( a )  = (0)
f o r  a l l  (a)  in  S  . F u rth e rm o re , i f  ( a ) ,  ( b ) ,  i d)  a re  in  S , th en
{( .a)Hb))( .d)  = ( a + i) (d )
= h iß  [«#] = D*y] •
But th en
On th e  o th e r  hand ,
U
i f
Y1j V  = •
(a)(<2) + (2>)W) = [v ] ,
then
But and a re  b o th  in  S  and so i . . - v . .
13
f o r  a l l
i , j  = 1 , . . . ,  ft . Thus
( (a )+( fc ) ) (d)  = (a)(<2) + ( i ) ( d )
and 5 i s  a n e a r - f i e l d  under t h i s  a d d i t io n  and m u l t ip l ic a t io n .  F u rth erm o re ,
8the mapping from /■' to £ defined by a + (a) is a near-field 
isomorphism and the near-fields F and S are isomorphic. □
Apart from giving a concrete description of near-fields of finite 
dimension over their prime field, the above result allows a near-field to 
be completely specified by a list of its elements. In fact, this method of 
considering the appropriate general linear group was used by Zassenhaus 
[68] to list the seven irregular finite near-fields, as will be done here 
in section 4. As there appears to be no other convenient way to describe 
these seven near-fields, it seems appropriate to give here a simple example 
of a known near-field being characterised in this way.
Let F be the near-field of order 9 originally described by Dickson 
in [19] but suitably redefined to be right-distributive. This near-field 
can be obtained from the field of order 9 in the way described in section 
5. The prime field of F has order 3 and F has dimension 2 over it. 
Thus S* is a subgroup of GL(2, 3) . In particular, it can readily be 
checked that a possible choice for S is
o' o _1 ‘l  o' ' - 1  o" • 0 1 r^ro1_
3 3 3 3
1oo _0 1 h'io 1 0. _-l 0.
"l 1
L=T1i—1 1
1___
_
i
i H 1  - 1
3 3 3i—1 * 
1i—1 _-l 1 _ 1 1
•—1 1
i—11
3. Regularity of near-fields
The near-fields constructed by Dickson in [19] and [20] can be 
obtained from fields of the same order by using a standard method of 
construction. In [68], Zassenhaus showed that almost all finite near-fields 
can be obtained by using the same construction. Near-fields which can be 
obtained in this way have been called Dickson near-fields and, more 
recently, regular near-fields. Near-fields which do not have this property 
will be called irregular near-fields. However, to the author's knowledge, 
the only known irregular near-fields are the seven finite ones obtained by
9Z a s s e n h a u s .
P ro b a b ly  t h e  most c o n c is e  d e f i n i t i o n  o f  r e g u l a r i t y  i s  t h e  f o l l o w in g  
one due t o  K a rz e l  [ 3 7 ] .
3 . 1  DEFINITION.  A n e a r - f i e l d  F( + , o) i s  r e g u la r  i f  a  t h i r d  b i n a r y  
o p e r a t i o n  • can be d e f i n e d  on F , such  t h a t  F(+ ,  •)  i s  a ( n o t  
n e c e s s a r i l y  com m uta tive)  f i e l d  an d ,  f o r  each  a i n  F* , t h e  mapping
x  -*■ ( x  o a)*a  "*■ i s  an au tom orph ism  o f  F( + , • )  , w here a ^ d e n o te s  th e  
i n v e r s e  w i th  r e s p e c t  t o  • . □
An a l t e r n a t i v e  method o f  d e f i n i n g  r e g u l a r i t y ,  w hich a l s o  a l lo w s  f o r  a 
d e f i n i t i o n  o f  a w eaker  form  o f  r e g u l a r i t y ,  i s  by u s in g  c o u p l in g  maps.
L e t  F( + , •)  be  a  n e a r - f i e l d  and S t h e  sym m etr ic  group on th e  s e t
F . L e t
cp : F* + SF
f  + f  
<P
be a mapping s a t i s f y i n g
f  g -  [ f  <^7)J cpy(p J^
f o r  a l l  / ,  g i n  F* .
A new " m u l t i p l i c a t i o n "  o can be  d e f in e d  by
/  0 g  = f  f o r  f  * 0 ,
= 0 f o r  f  -  0 .
I t  h a s  been  shown in  [ 5 3 ] ,  S a tz  1 .1 1  t h a t  F ( t ,  o) i s  a g a in  a n e a r ­
f i e l d  i f  and on ly  i f  { /^  : f  £ F*} i s  c o n ta in e d  i n  Aut F(+, •) , t h e  
au tom orph ism  group o f  F ( t ,  • )  .
3 . 2  DEFINITION.  L e t  F ( t ,  •)  be  a n e a r - f i e l d .  A mapping
cp : F* -*■ Aut F( t , •)
f
s a t i s f y i n g  (* )  i s  a c o u p l in g  map. □
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3.3 DEFINITION. Let F( + , •) be a field, F(+, <>) a near-field and 
let * = tq, t ..., Tn -- ° be binary operations with F(+, a near­
field for i = 1, ..., n-1 . For f in F* and i - 0, ..., n-1 , let
f be a permutation of F defined by
fvi
9 \+i f ~-3 ■
If the mapping (p. : / -* / is a coupling map, then F(t, o) is weakly 
regular. If, moreover, n + 1 is the minimum number of binary operations
needed to achieve F(+, °) , then the near-field T(+, o) will be called
n-regular for n > 1 and regular if n = 1 . □
Wähling [63] has defined this weak regularity in order to have a 
transitive relation. However, as will be shown in section 5, the seven 
finite irregular near-fields are not weakly regular and so there are no 
known weakly regular near-fields which are not also regular.
Neither of the previous two definitions of regularity offer much 
immediate information about the near-fields obtained. In particular, the 
concept of coupling maps offers little insight into the connection between 
the multiplicative groups of the initial field and the regular near-field. 
The remainder of this section is devoted to another description of regular 
near-fields. This allows all the regular near-fields obtained from a given 
field (including the field itself) to be considered as substructures of one 
"larger" structure. This method allows some immediate observations to be 
made about the multiplicative groups of some near-fields. (It is not clear, 
however, whether any "real" advantage is gained!)
Let F(+, •) be a near-field and let T = Aut F(+, •) . Then Y can 
be considered as a group of automorphisms of F*(») . Let S be the split 
extension of F* by Y (see, for example, [25], where it is called the 
normal or semi-direct product). Then S has a subgroup isomorphic to Y 
and a normal subgroup isomorphic to F* (these will also be denoted by Y 
and F* respectively) and S = IT* . Every element of S can be uniquely
w r i u t - i i  in Ui«- I «ir'in y f  w i t h  y in I’ 'in'] f  in /•' . M u l t i p l i c a t i o n  i s  
d e l i n e d  by
Y / V / '  = YY f  •
L et D* be a complement o f  T in  S t h a t  i s ,  D* i s  a subgroup 
o f  S such t h a t  T u D* - S and T n D* = 1 . Let D - D *  u 0 . For d 
in  D* , d e f in e
0 *d - d *0 = 0
and l e t
0*0 = 0 .
Then an a d d i t io n  + can be d e f in e d  on D by
y f  + y ' f  = 0 i f  /  + f  = 0 ,
= Y* ( / + / ' )  i f  /  + / '  ± 0 ,
where y* i s  u n iq u e ly  d e f in e d  by y * ( f + f )  b e in g  in  D* , s in c e  
r n D* = 1 .
C le a r ly  ZX+) i s  an a b e l ia n  group.
L et d 9 d \  d" be in  D* , w ith  d + d'  ? 0 . Then
( d+d' )d" = ( y/ +y * f ' ) y ”f"
- y * ( f +f , ')y,rf"
= Y*Y
r*Y"(/Y +[f']T'V "
s in c e  y"  i s  in  Aut F(.+ , •) . But F( + , •) i s  r i g h t - d i s t r i b u t i v e .
U + d ’)d" = y*"{.
M oreover,
dd" + d 'd "  = y f y " f "  +
= yy"fy "f" +
= y { f y " f ' + l f
Thus
= U + d ’)d" .
I f  d + d' -  0 , th en  Cd+dr)d" = 0 and
1 ?
as above . But
- w  f  f  • y Wr  f" + irv f = ( 
= 0 ,
s i n c e  f  + / '  = 0 . So
( d + d ' ) d " = dd"  + d 'd "  .
I f  d "  ~ 0 and d ,  d '  a r e  in  D 9 th e n
( d + d ' ) * 0 = 0 = d*0 t  d '* 0  .
I f  d "  0 and d ' i s  i n  D , t h e n
( 0 + d ' ) d "  = dd"  = 0 -d"  + d 'd "  .
T hus ,  f o r  a l l  d ,  d r , d "  i n  D ,
( d + d ' ) d "  = dd" t  d ' d "  .
Thus Z? forms a r i g h t - d i s t r i b u t i v e  n e a r - f i e l d  w i th  r e s p e c t  t o  th e  
m u l t i p l i c a t i o n  and a d d i t i o n  d e f i n e d  above .
3 .4  THEOREM. L e t F( + , • )  be a n e a r - f i e l d  and l e t  
cp : F* -* Aut F( + , •)  = f  be a mapping ta k in g  f  to  f  . Then cp i s  a
c o u p lin g  map i f  and on ly  i f  D* = { f  f  ' f  £ f1*} i s  a complement o f  T in
the  s p l i t  e x te n s io n  S - YF* o f  F* by Y .
P r o o f .  L e t  cp be a c o u p l in g  map. Then
t f * = {Y/} = ( /y )}  s  rc* .
But YD* i s  c o n ta in e d  in  S  . Thus
YD* = YF* = S  .
S ince  Y n F* i s  t r i v i a l ,  i t  f o l lo w s  t h a t  Y - { y l }  . Thus
T n D* = { l  ‘ i f  = { l  } .1 cp 1 K cpJ
But cp i s  a c o u p l in g  map, s o  by (* )
1 1  = ( l  ^ l )  = 1cp cp J cp cp
and hence  1 = 1 . Thus Y n D* i s  t r i v i a l  and D* i s  a complement o f
<P
f  in  5 .
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C o n v e rs e ly , l e t  D* b e  a  com plem ent o f  Y in  S . S in ce  Y n D* 
i s  t r i v i a l ,  i t  fo llo w s  t h a t  tp i s  w e l l  d e f in e d  and i t  i s  o n ly  n e c e s s a ry  
to  show t h a t  (* )  h o ld s .  L e t y f ,  6g be in  D* . Then
y füg  = yö / g
and
Y« = =  ( / ’ ’? ) „  •
Thus cp i s  a  c o u p lin g  map. □
3 . 5  COROLLARY. Every regu lar (n-regular) n e a r - f i e ld  can be ob ta ined  
from a complement o f  Y in  the s p l i t  ex tension  o f  F* by Y 3 where F
i s  a f i e l d  ( (n -1 )-regu lar  n e a r - f ie ld )  and V i s  i t s  automorphism group. □
Of c o u rse  S can c o n ta in  s e v e r a l  com plem ents o f  Y and th e s e  can 
g iv e  r i s e  to  iso m o rp h ic  o r  n o n - is o m o rp h ic  n e a r - f i e l d s .  I f  
Gp = {y : y  € r, y f  £ D* and f  6 F*} ,
th e n  i t  w i l l  be  se e n  in  c h a p te r  two t h a t  n o n - iso m o rp h ic  n e a r - f i e l d s  can 
o c c u r  even when two co m plem en ts, D* and D* , o f  Y a re  iso m o rp h ic  and 
Gp e q u a ls  G— .
At t h i s  p o i n t ,  w e l l  known r e s u l t s  o f  f i e l d  th e o r y  can be  u sed  t o  o b ta in  
im m ediate  in fo rm a t io n  ab o u t r e g u l a r  n e a r - f i e l d s .
3 . 6  D E F I N I T I O N .  A g roup  G i s  m etacyc lic  i f  G c o n ta in s  a c y c l i c  
no rm al subg roup  N such  t h a t  G/N i s  c y c l i c .  □
Now i f  F i s  a  f i n i t e  f i e l d ,  th e n  i t s  au tom orph ism  group Y i s  c y c l i c ,  
as i s  i t s  m u l t i p l i c a t i v e  g roup  F* . Thus th e  s p l i t  e x te n s io n  o f  F* by  Y 
i s  m e ta c y c l ic  a n d , s in c e  e v e ry  su b g ro u p  o f  a m e ta c y c l ic  group i s  i t s e l f  
m e ta c y c l ic ,  i t  fo llo w s  t h a t  th e  m u l t i p l i c a t i v e  group o f  a f i n i t e  r e g u l a r  
n e a r - f i e l d  i s  m e ta c y c l ic .
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CHAPTER TWO
FINITE NEAR-FIELDS
In 1936 Zassenhaus’ paper "Über endliche Fastkörper" [68] was 
published. In this Zassenhaus showed that, apart from seven exceptional 
isomorphism types, all finite near-fields are regular. Moreover, he gave 
a standard method for constructing all finite regular near-fields.
Unfortunately, Zassenhaus* paper, as published, is known to have 
serious gaps. A large part of Zassenhaus* paper consists of characterising 
the multiplicative groups of near-fields. The recent books of Passman [52] 
and Wolf [67] contain most of the results needed for this. Although, in 
fact, both authors often use Zassenhaus* proofs, these books present 
readily accessible and readable accounts of this work. It therefore seems 
appropriate to begirt this chapter with a description of the proof that, up 
to isomorphism, there are only seven finite irregular near-fields. The 
remainder of section 4 describes the automorphism groups of these near­
fields .
Similarly, section 5 deals with the standard results on finite regular 
near-fields. In addition, a polynomial is obtained which, together with 
the order of a near-field and the order of its centre, completely determines 
a finite regular near-field up to isomorphism. Finally, it is shown that 
none of the irregular near-fields of section 4 are weakly regular.
Section 6 deals with the sub-near-field structure of finite near­
fields. The invariants of a sub-near-field are obtained in terms of the 
order of the sub-near-field and the invariants of the near-field in which it 
is contained.
The chapter ends with a section giving two results concerning 
embeddings of finite near-fields which will be used in chapter three.
4. The i r r e g u l a r  n e a r - f i e l d s
Z a s s e n h a u s ’ c l a s s i f i c a t i o n  o f  t h e  m u l t i p l i c a t i v e  g roups  o f  n e a r - f i e l d s  
depends on group r e p r e s e n t a t i o n  t h e o r y .  A lthough t h i s  p a r t  o f  th e  
d e t e r m i n a t i o n  o f  t h e  f i n i t e  n e a r - f i e l d s  w i l l  be  t a k e n  from  [ 5 2 ]  and [ 6 7 ] ,  
some r e p r e s e n t a t i o n  th e o r y  w i l l  s t i l l  be  needed  t o  o b t a i n  t h e  i r r e g u l a r  
n e a r - f i e l d s .  Fo r  t h e  n o t a t i o n  u sed  h e r e  and d e f i n i t i o n s ,  s e e  C u r t i s  and 
R e in e r  [ 1 4 ] ,  e x c e p t  t h a t ,  as u s u a l  h e r e ,  o p e r a t i o n s  a r e  w r i t t e n  on th e  
r i g h t .
One e x t r a  d e f i n i t i o n  r e g a r d i n g  r e p r e s e n t a t i o n s  i s  n e e d ed .
4.1 DEFINITION. A m a t r ix  r e p r e s e n t a t i o n  T o f  G i n t o  GL(n, K)
i s  f ix e d  p o in t free  i f  gT i s  f i x e d  p o i n t  f r e e  f o r  a l l  g in  G \  1 . □
In  a d d i t i o n ,  some d e f i n i t i o n s  c o n c e rn in g  p e r m u ta t io n  g roups  a re  
n e e d ed .
4. 2  DEFINITION. L e t  G be  a p e rm u ta t io n  group  on a s e t  A . I f  f o r  
a l l  a ,  b i n  A t h e r e  i s  a g i n  G w i th  ag e q u a l  t o  b , th e n  G i s  
t r a n s i t iv e .  The s t a b i l i z e r , G , o f  an e le m en t  a i n  A i s  t h e  subgroup
o f  G f i x i n g  a . I f  G i s  t r a n s i t i v e  and G i s  t r i v i a l  f o r  a l l  a ,a
t h e n  G i s  reg u la r . □
4 . 3  DEFINITION. A t r a n s i t i v e  p e rm u ta t io n  group G on a s e t  A i s  
a Frobenius group i f  t h e  s t a b i l i z e r  o f  an e lem en t  a i s  n o n - t r i v i a l  and 
o n ly  th e  i d e n t i t y  f i x e s  two e le m e n ts  o f  A . □
4 . 4  THEOREM ( F r o b e n i u s ) .  Let G be a t r a n s i t iv e  perm utation group 
on a s e t  A o f  order n . I f  only the id e n t i ty  f ix e s  two elem ents o f  A 3 
then the perm utations o f  G f ix in g  no elem ent o f  A 3 to g e th er  w ith  the 
id e n t i t y 3 form a normal subgroup o f  order n .
P r o o f .  S e e ,  f o r  e x a m p le ,  [ 1 1 ] ,  ( 2 7 . 2 ) .  □
4 . 5  D E F I N I T I O N .  L e t G be  a F r o b e n iu s  group a c t i n g  on a s e t  A .
The norm al subg roup  o f  G c o n s i s t i n g  o f  t h e  i d e n t i t y  and th e  p e rm u ta t io n : ;  
f i x i n g  no e le m e n t  o f  A , i s  t h e  Frobenius kern e l  o f  G . The s t a b i l i z e r ,
G  ^ , o f  a i s  a  Frobenius complement.  □
For c o n v e n ie n c e ,  a  group w hich i s  i so m o rp h ic  t o  a F ro b e n iu s  complement 
o f  a F ro b e n iu s  group w i l l  s im p ly  be  r e f e r r e d  t o  as a  F ro b e n iu s  complement. 
L e t  F be  a  f i n i t e  n e a r - f i e l d  ( o f  o r d e r  g r e a t e r  th a n  2 ) .  The group 
L = {1 : x  -> cx+d w here  c € F* , d  € F} 
o f  l i n e a r  s u b s t i t u t i o n s  on F may be  r e g a r d e d  as a  group o f  p e rm u ta t io n s  
o f  F . I f  x  i s  i n  F* , y i n  F , t h e n
y -  t  0 .
I f  x  i s  0 , y i s  i n  F , t h e n
y = b -x  + y .
Thus f o r  a l l  x ,  y i n  F , t h e r e  i s  an 1 i n  L such  t h a t
y - x l  .
So L i s  t r a n s i t i v e .
F o r  f  i n  F , t h e  subg roup  o f  L f i x i n g  f  i s
Lj. = {I  : x  -*■ c x + ( l - c ) f  , where c € F*} .
C l e a r l y  o n ly  th e  i d e n t i t y  f i x e s  two e le m e n ts  o f  F , so  L i s  a F ro b e n iu s  
g roup . The F ro b e n iu s  k e r n e l  i s  t h e  su b g ro u p  o f  " t r a n s l a t i o n s "
{I  : x  -* x+d} and th e  group = {1 : x  ox} o f  " r o t a t i o n s "  i s  a 
F ro b e n iu s  complement.
L e t  F* be  t h e  m u l t i p l i c a t i v e  g ro u p  o f  F . Then th e  mapping a 
from F* t o  w hich  t a k e s  c t o  l  : x  -+ cx i s  c l e a r l y  an isom orph ism .
F u r th e r m o r e ,  t h e  a d d i t i v e  g r o u p ,  F (+ )  , o f  F c a n ,  as  b e f o r e ,  be  
c o n s id e r e d  as a v e c t o r  s p a c e  o v e r  i t s  p r im e  f i e l d .  M oreover, L  ^ a c t s
f a i t h f u l l y  on F (+ ) -  t h a t  i s , i f  1 , 1 r i n  L a c t  as t h e  same
p e r m u ta t io n  on F(+)  th e n  1 e q u a ls  l 1 . A l s o ,  s i n c e  f o r  x,  y i n  F* ,
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y can be written as [yx 1)o; , it follows that acts transitively on
the non-zero elements of F . Moreover, if x is in F* and
x - xl - OX ,
then c is 1 and l is the identity permutation. Thus LQ acts as a 
regular permutation group on F* .
Thus the problem of describing the groups which could possibly occur 
as the multiplicative group of a finite near-field is the same as 
classifying those groups which can act faithfully on a vector space of prime 
power order and regularly on its non-zero elements.
It is convenient to list here some presentations of well known groups 
which will occur later. The notation used here follows that of [47].
The symmetric group on 4 elements will be denoted by S  ^ . It has a 
presentation
S = <p, s, t\ r3 = s2 = - srt = 1> .
Similarly, will denote the alternating group on 4 elements and it has
a presentation
= < r , s ; r = s = (sr) = 1) .
Also C will denote the cyclic group of order n and Q the generalised 
n 2n
Ylquaternion group of order 2 defined by
n / 2n~1 2 2n"2 -1 -1\Q ^  = \x, y\ x = 1 , y = x , y xy = x f .
The special linear groups SL(2, 3) and SL(2, 5) have the following 
presentations:
4 3SL( 2, 3) = <x9 y , a; x = 1, a =1,
2 2 . ,2 -1 -1 vx - y = {xy) , a xa = y, a ya - xy) ,
3 5 2 2SL(2,5 )=(x, y > z ’, x = y = z = 1, xz = zx, yz - zy ^ {xy) - z) .
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4 . 6  D E F IN IT IO N .  For a group  G , l e t  G^  = G’ be  t h e  d e r i v e d  group
o f  G a nd , f o r  i  g r e a t e r  th a n  1 , l e t  G1 = [G1 ] . I f  (f1 = 1  f o r  
some n , th e n  G i s  so lub le . □
YlL e t  F be a f i e l d  o f  o r d e r  q and l e t
T{qn) = { t  : x -+ ax° , w here a € F * , a £ Aut f1} 
be a group o f  s e m i - l i n e a r  t r a n s f o r m a t i o n s .  In  f a c t  T {qn] i s  a m e t a c y c l i c  
group ( s e e  [ 5 2 ] ,  p .  2 2 9 ) .
4 . 7  THEOREM. Let G be a Frobenius complement. Then
(i) every subgroup o f  G o f  order pq is  c yc lic , where p ,  q 
are (not necessarily d is tin c t)  primes;
( i i )  i f  G has even order, then G contains a unique element o f  
order 2 which is  therefore central;
( Hi )  the Sylow p-subgroups o f  G are cyc lic  fo r  p odd and are 
e ith e r  cyc lic  or generalised quaternion fo r  p - 2 . □
For a p r o o f  o f  t h i s  and t h e  f o l l o w in g  r e s u l t  s e e  [ 5 2 ] ,  Theorem 1 8 .1  
and P r o p o s i t i o n  12 .1 1  r e s p e c t i v e l y .
4 . 8  LEMMA. I f  G is  a group with a ll  i t s  Sylow subgroups cyc lic ,
then G is  m etacyclic . □
P ro o fs  o f  t h e  f o l l o w i n g  two r e s u l t s  w i l l  a l s o  be  found  in  [ 5 2 ] ,  
P r o p o s i t i o n s  19 .10  and 2 0 .2 .
4 . 9  THEOREM. Let G be a soluble group acting fa ith fu lly  on a vector
Yl
space V o f  order q and acting regularly on V* . Then e ith e r  V can 
be id e n ti fie d  with the additive group o f  GY[qn) in such a way that G is
a subgroup o f  T[qn} or q 1 is  52 , 72 , l l 2 or 232 . Moreover, i f  q is  
odd, then G has a normal subgroup o f  index  2 unless qn is  52 or 
2
11 , when G is  isomorphic to  SL(2 , 3) or S L (2 , 3 ) x C , respective ly  .LI
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4 . 1 0  THEOREM. Let G be a non-soluble group acting fa ith fu lly  on a
in
Yl. V p 9vector cpa.cc V and regularly on V* . Then q ' is 1.1 , 21 or 11 
and G ic icomorphic to SL(2, 5) SL(2, r>) x Cr/ or SL(2, 5) x c 3
respectively. O
Since l[gn) is metacyclic, in order to determine all the groups
which could occur as multiplicative groups of finite near-fields, it is
only necessary to determine metacyclic Frobenius complements and to find the 
2 2groups of order 7 - 1 = 48 and 23 - 1 = 11*48 which can occur.
The greatest common divisor of two integers a and b will be 
denoted by (a, b) .
The proof of the following result is similar to that given in [1].
4.11 LEMMA. Let G be a metacyclic group. If the Sylow p-subgroups 
of G are cyclic for p odd and either cyclic or generalised quaternion
for p -  2 j then G has a presentation
„ , -u m , rn t ,-l ,G - < a , a = 19 b = a , b ab - a >
where m, n, t and r satisfy the conditions
(i) O, r) - 1 ;
(ii) t - m/(r-l, m) ;
(Hi) n is the order of r modulo m (that is3 n is the 
least positive integer satisfying r = 1  mod m ).
Proof. Let N be a cyclic normal subgroup of G , maximal with 
respect to G/N being cyclic. If N = ( c) and G/N = (bN) have order m
and n respectively, then, since N is normal,
mc - 1 , b 1cb = rc 1 n s, b = c
for some integers r and s . Let t be (m, s) . Then, for some a, ß ,
as + 3m = t and (a, m) = 1 .
cx —Let a - c , where aa E 1 mod m . Then a and b generate G and
m n .-I , r in t a - 1 , b ab - a , b - a
Now
and so m divides (r-l)t
t -.-I t, rt a - b a b - a
On the other hand, if t’ is m/(r-1, m) then
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,-l t' b a b - rt' t’ t1 (r-1) a *a Va
t 'and so a belongs to the centre of G . But then t divides t' and 
thus t equals t ’ and
t = m/(r-1, m) .
Furthermore, if
V _ _r = 1  mod m 9
then N = < , a) is an abelian normal subgroup of G , But G is a 
Frobenius complement, so by Theorem 4.7 (iii) the Sylow subgroups of N 
are cyclic and hence N itself is cyclic. But N is a subgroup of N 
and G/N is cyclic. Thus N equals N and b  ^ is in N . That is,
V = 0 mod n
and n is the least positive integer such that r = 1 mod m . □
For a proof of the next result, see [67], Lemma 6.1.9.
4.12 LEMMA. Let G be a soluble group of order 2Sl 3 l. odd3
g _ 1s > 1 . If G has an element of order 2 3 then G has a normal
subgroup K suoh that the Sylcw 2-subgroups of K are cyclic and G/K is 
isomorphic to C , 4^  or . □
With this information the non-metacyclic groups of order 48 and 
11*48 which may occur as multiplicative groups of near-fields can be 
determined.
Let G be such a group of order 48 . Since G is not metacyclic, 
it follows from Lemma 4.8 that the Sylow 2-subgroup of G is isomorphic to 
Q . By Lemma 4.12, G has a normal subgroup K , all of whose Sylow
subgroups are cyclic, with G/K isomorphic to or . But, by
Theorem 4.9, G has a normal subgroup of index 2 , so G/K is not 
isomorphic to 4^^  .
Let G/K be isomorphic to • Then K has order 24 and K has a
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presentation given by Lemma 4.11. Since if K were cyclic G would be
metacyclic, K must itself be metacyclic and the only possible choice for
ri and n is m - 8 , n - 3 with r / 1 . But (m, r) is 1 and so r
2is 3, 5 or 7 and v = 1  mod 8 , contradicting the requirement that r 
have order 3 modulo 8 .
Thus G/K is isomorphic to S  ^ and K has order 2 . By Theorem
4.7 (ii), K = ( z ) , where z is the unique element of G of order 2 
and is central. This ensures that G is isomorphic to the binary 
octahedral group
. , , 3 8 , 2 ,4 ,s -1 v 2 ,r ,-3x0' = (r, s, t; r - t - 1, s = t , t - t , s = t , t = rst >.
Now let G have order 11*48 . Again, the Sylow 2-subgroup is Q16
and again G has a normal subgroup K , all of whose Sylow subgroups are 
cyclic and G/K is isomorphic to C^  or S .
If G/K is isomorphic to C  ^ , then K has order 11*24 and, in the
presentation of K , if K is not to be cyclic then 8 must divide m and
v is not 1 . If m is 8 and n is 33 , then, since (m, r) is 1 ,
2r is 3,5 or 7 and v = 1  mod 8 , contradicting the claim that r has
order 33 modulo 8 . If m is 24 and n is 11 , then r is 5, 7, 11,
13, 17 or 19 and again r has order 2 and not 11 as required. If
m is 88 and n is 3 , then r is congruent to 3, 5 or 7 modulo 8 .
But, if r has order 3 modulo 88 , then certainly 3r E 1 mod 8 . However,
this is never the case for r congruent to 3,5 or 7 modulo 8 .
Thus G/K is isomorphic to S  ^ and K has order 22 and K is
cyclic. If K is in the centre of G then, since G again has only one
element of order 2 , G is isomorphic to 0* x C^  . Otherwise G has a
normal subgroup C - ( c ) which is cyclic of order 11 and another subgroup 
0 isomorphic to 0* . Moreover, since the automorphism group of C is 
cyclic of order 10 , C is centralised by a subgroup of index 2 in 0 
and, if t is an element of order 8 in 0 , then o' - c  ^ . Thus, in
t h i s  c a se
G - < r ,  s ,  t ,  c ;  r 3 = t 8 = -  1 ,  s^ - t  + , t S - t  \  s 7* = f 2 ,
, r  -3  r  s tt  - r s t  , c - c ^  c - c ,  c
For c o n v e n ie n c e ,  t h i s  group w i l l  be  d e n o te d  by i? .
The f o l lo w in g  r e s u l t  has  now been  p ro v ed .
-1
C > .
4 . 1 3  LEMMA. L et G be a so lu b le  3 non-met a c y c lic  group o f  order  48
2 2or  11*48 actin g  f a i th f u l ly  on a v e c to r  space V o f  order  7 or  23 ,
r e s p e c tiv e ly  3 and a c tin g  reg u la rly  on V* . Then G i s  isom orphic to  0* 
i f  G has order  48 and G i s  isom orphic to  0* x c o r  R i f  G has
order  11*48 . □
As commented a t  t h e  end o f  s e c t i o n  3 ,  t h e  m u l t i p l i c a t i v e  g roups  o f  
f i n i t e  r e g u l a r  n e a r - f i e l d s  a r e  m e t a c y c l i c .  Thus, i f  n e a r - f i e l d s  e x i s t  w i th  
m u l t i p l i c a t i v e  g roups  i so m o rp h ic  t o  any o f  t h e  n o n - m e ta c y c l i c  g roups g iv en  
by Theorems 4 .9  and 4 .1 0  and Lemma 4 ,1 3 ,  th e n  t h e s e  a r e  c e r t a i n l y  n o t  
r e g u l a r .  I t  w i l l  now be  shown t h a t  m e t a c y c l i c  g roups o c c u r  as t h e  
m u l t i p l i c a t i v e  g roups  o f  r e g u l a r  n e a r - f i e l d s  o n ly .  The f o l lo w in g  r e s u l t  i s  
due t o  Z assenhaus  [ 6 8 ] ,  S a tz  1.
4 . 1 4  THEOREM. L et F be a n e a r - f ie ld  o f  o rder p^ 3 p prime and 
l e t  <a> be a c y c l ic  normal subgroup o f  F* o f  o rder m . I f  the order  
o f  p modulo m i s  A 3 then F i s  a regu lar n e a r - f ie ld .
P r o o f .  L e t  P be  t h e  p r im e  f i e l d  o f  F ( o f  o r d e r  p ) ,  L e t
m u l t i p l i c a t i o n  in  F be  d e n o te d  by o and th e  r - t h  power o f  c i n  F
by c . S in c e  F i s  r i g h t - d i s t r i b u t i v e ,  t h e r e  a re  e le m e n ts  cu ,
£ = 0 , 1 ,  . . . , A , o f  P such  t h a t  n o t  a l l  ou a r e  z e ro  and
a o + a i  °  a  + * * * + ° ~  0
( f o r  o th e r w is e  F would  have  o r d e r  g r e a t e r  th a n  p^  ) .
L e t  g ,  . . .  d e n o te  p o ly n o m ia ls  w i th  c o - e f f i c i e n t s  i n  P . (F o r
c o n v e n ie n c e ,  t h e  p o ly n o m ia l  i n d e t e r m i n a t e  w i l l  be  d e n o te d  by x  . )  I f
i  = a  + a  x  t  . . .  + a  xv'0 1 ’ v
t h e n ,  f o r  q in  F* , l e t
h*(c)  = oi t  a o q + . . . + a  o cr  
0 0 1 r
I f  In =  ^ ^ , th e n
h*(c)  - + g * (e )  .
I f  fa. = , th e n
h*(c)  = (a)  o <?S .
I f  fa = g* and &*(c) = 0 , t h e n
h*(c)  = 0 .
L e t  iJj be a p o ly n o m ia l  o f  l e a s t  d e g re e  such  t h a t  ip*(a) = 0 . C l e a r l y  
th e  d e g re e  o f  iJj i s  a t  most A . An a r b i t r a r y  p o ly n o m ia l  fa can be 
e x p re s s e d  as
where ft i s  a p o ly n o m ia l  o f  d e g re e  l e s s  th a n  i|j o r  n = 0 . L e t
g = • S in ce  g*(a)  -  0 and n - fa + g , i t  f o l lo w s  t h a t
i * (a)  -  . I f  6*(a)  = 0 , t h e n  ft E 0 and th u s  ^ i s  a d i v i s o r  o f
i ■
f = <?•>)' +  *  >
L et ^ ’ w here i s  an i r r e d u c i b l e  p o ly n o m ia l  o f  de g re e
A' . I t  i s  w e l l  known t h a t  ijj i s  a  d i v i s o r  o f  fa = x -  1 . S in c e
ip d i v id e s  , i t  f o l lo w s  t h a t  fa*(a) - 0 . S ince
i t  f o l lo w s  t h a t
ip*(a) o a
and a ^  "^ = 1 , s i n c e  ij;*(a) ? 0 . Thus p^ = 1 mod m . B u t , by
a s su m p t io n ,  th e  o r d e r  o f  p modulo m i s  A , so  A' > A . On th e  o t h e r
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hand, A' 5 A and so A = A' . Thus ip is an irreducible polynomial of 
degree A .
Each element of F has the form &*(<%) . Let ga £ = |u . A 
multiplication • can be defined by g*(a) • = k*(a) . This
multiplication is well defined and the elements of F form a field under 
this new multiplication and the near-field addition.
c
Let o be in F* and let the permutation : x -*■ x ^ on the
elements of F defined by
Then
Thus
X o O
o(D
X ' O .
(b+o) o d = (b+o) *d
- b o d + o o d
d d
= b ^*d + a d
d d
= {b ^+o md .
d d d 
(b+o) * --b* + c *  .
Now by definition,
Thus, for q in F ,
i*(a)*a8 = i*(a) ° a .
S 5o*a - o o a
vAlso, since <a> is normal in F* , a ° c = c ° a for some v and
Y 1 va' o o = q o a
Hence
(<A)e<p-c
and
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—  Q  Y  Q
( Yi <P _ * ( <JhY
V* J = a  = I« ) .
Thus [^(a)] ^ (a . Hence
c o c
[fl*(a)*rf*(a)]  ^= [M(a)]  ^= h*{a ^
= 9*ia ^  mi*{a ^
= Cs^(a)]0(p-[^(a)]C(p .
Thus c is an automorphism of the field F and it follows from 
Definition 3.1 that F is a regular near-field. □
Now let G be a metacyclic Frobenius complement. Let G have all
its Sylow subgroups cyclic. Then Theorem 5.5.1 of [67] states that every
irreducible fixed point free representation of G over the field of
complex numbers has degree n where, as in Lemma 4.11,
n , u m  ^ t ,-1 , r.G = < a, d \ a = 1, b = a , b ab - a )
and m, n, t and r satisfy the conditions (m, r) = 1 , t - m/(r-1, m)
and n is the order of r modulo m .
Let G have generalised quaternion Sylow 2-subgroups. In this case, 
the presentation for G given in Lemma 4.11 is not suitable here. However, 
G is of type II in Theorem 6.1.11 of [67] - that is, G has a normal 
subgroup G* of index 2 and G* has cyclic Sylow 2-subgroups. Then <7* 
has a presentation of the same form as that given above and Theorem 7.2.18 
of [67] states that every irreducible fixed point free representation of G 
over the field of complex numbers has degree 2n , where G has order 2mn .
with m, n as above. (The n used here corresponds to the d used by
Wolf in [67].) Moreover, it is easily checked that the cyclic subgroup 
< a ) of G is normal in G .
Although these results use representations over the field of complex 
numbers, the proofs needed for the parts used above carry over to 
representations over any algebraically closed field of characteristic prime 
to the order of G . Thus these results of Wolf yield the following lemma.
4 .1 5  LEMMA. Let G be a m etaoyelie  Frobenius complement. Then the 
degrees o f  a l l  i r re d u c ib le  f ix e d  p o in t  f ree  represen ta tion s  o f  G over  
a lg e b ra ic a l ly  c lo sed  f i e l d s  o f  c h a r a c te r i s t i c  prime to  |G| are equal. I f  
these degrees are n , say, then G has a c y c l ic  normal subgroups o f  
index n . □
L e t  F be a n e a r - f i e l d  o f  o r d e r  p , h a v in g  m e t a c y c l i c  m u l t i p l i c a t i v e  
group F* . By Lemma 2 . 4 ,  F can be r e g a r d e d  as  a v e c t o r  s p a c e  V o f  
d im ens ion  X o v e r  t h e  f i e l d  o f  o r d e r  p , d e n o te d  by K h e r e .  M oreover, 
by  Theorem 2 .7  i t  f o l lo w s  t h a t  t h e  m u l t i p l i c a t i v e  group  F* h a s  a 
r e p r e s e n t a t i o n  T by m a t r i c e s  o v e r  K d e f in e d  by T : a + aT - (a) - th e  
( a )  h e r e  i s  t h a t  d e f i n e d  i n  t h e  p r o o f  o f  Theorem 2 .7 .  For v in  V , i t  
f o l lo w s  from vaT = v t h a t  vi a)  = V , w hich  i s  t r u e  o n ly  i f
0 = y [ ( a ) - ( l ) ]  = v ia - 1) .
But t h i s  h o ld s  o n ly  i f  v = 0 o r  i a - 1) = (0 )  and so  a - 1 . Thus "T 
i s  a f i x e d  p o i n t  f r e e  r e p r e s e n t a t i o n .
Now l e t  L be  t h e  a l g e b r a i c  c l o s u r e  o f  K . Then T can be  e x te n d e d
t o  a r e p r e s e n t a t i o n  o v e r  L and th e  new r e p r e s e n t a t i o n  s p a c e  i s
( s e e ,  f o r  ex am p le ,  s e c t i o n s  1 2 . B and 29 o f  [ 1 4 ] ) .  Now i s  an F* -sp a c e
and i s  f i x e d  p o i n t  f r e e  s i n c e  t h e  m a t r ix  r e p r e s e n t a t i o n  T  ^ in v o lv e s
th e  same m a t r ix  c o - e f f i c i e n t s  as T .
S in c e  F* h a s  o r d e r  p ^  -  1 , w hich  i s  p r im e  t o  p , i t  f o l lo w s  by
M aschke’ s Theorem ( s e e ,  f o r  ex a m p le ,  Theorem 1 0 .8  o f  [ 1 4 ] )  t h a t  i s  th e
d i r e c t  sum o f  i r r e d u c i b l e  F * - s u b s p a c e s  1/  ^ . Thus each  a f f o r d s  an
i r r e d u c i b l e  f i x e d  p o i n t  f r e e  r e p r e s e n t a t i o n  o f  F* o v e r  L . T h u s , by 
Lemma 4 .1 5 ,  each  o f  t h e s e  r e p r e s e n t a t i o n s  has  d e g re e  n and F* h a s  a
c y c l i c  n o rm a l  su bg roup  o f  in d e x  n . But V h a s  d im ens ion  X o v e r  K 
and so h a s  d im ens ion  X o v e r  L . Thus X i s  t h e  sum o f  t h e
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dimensions of the I/T's over L and each of these is n . Thus n 
divides X .
Now let m be the order of the cyclic normal subgroup of F* of 
index n . Then
mn - IF* [ = p^ - l .
Let f be the order of p modulo m . Since m divides p^ - 1 ,
clearly f divides X . It follows by Theorem 4.14 that, if f equals
X/2X , then F is regular. Let f be less than X . Then m < p - 1 .
But, by the argument above, n divides X . So
(p^2-1) (p^2+1) = p^ - 1 = mn 5 (p^//2-l)n
and
pX/2 + 1 < n < X .
But this inequality has no solution for p > 1 and X > 1 , contradicting 
the claim that f is less than X . Thus every finite near-field with 
metacyclic multiplicative group is regular. This, together with the 
observation at the end of section 3, yields the following result.
4.16 LEMMA. The multiplioative group of a finite near-field F is 
metaoyolio if and only if F is regular. □
Thus, in order to determine the finite irregular near-fields, it is 
enough to consider the non-metacyclic groups of Theorems 4.9 and 4.10 and 
Lemma 4.13.
4.17 THEOREM. Let F be a finite irregular near-field. Then F has
o
order p and is isomorphic to one of the following near-fields F^. , where 
F? is the subgroup of GL(2, p) generated by the matrices given below and 
addition is defined as in Theorem 2.7.
I. I Fj = 52 ; F^ = < (a), (b) > ^  SL(2, 3)  ^where
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(a) = 0 -11 0 (b) =
1 -2
- 1  -2
I I .  IF I  = 11 ; F* = < ( a ) ,  ( J ) ,  ( e ) > S S L ( 2 ,  3) x c  where 
2 2 5
(a) = " ~t , (b)0 -11 0
1 5
-5 -2 M  =
4 0 
0 4
I I I . 7 ;  F* = < ( a ) , (2?) > =  0* whereÖ
(a) = 0 - 1
1 0 (b) =
1 3
- 1  -2
IV. IF I = 2 3  ; F* = < ( a ) , ( b ) ,  (a) ) = 0* X C where11
(a) = 0 - 1
1 0 (b)
1 -6
12 -2 ( e )
2 0 
0 2
V. IF I  = 11 ; F* = <( a ) , (Jo) > ^  SL( 2 , 5) 3 where
(a) = 0 - 1
1 0 (b) =
2 4 
1 -3
VI. Fc I = 29 ;  F* = < ( a ) , ( b ) , ( c )  ) ^  SL(2 ,  5) x Cr
6
( a )
0 - 1
1 0 (b)
1 - 7
-12  -2 ( a )
16 0 
0 16
where
VII. I F I = 59 ;  F* = < ( a ) , (b) , (c) > 9* SL(2,  5) x <7 , zj/zere
(a) 0 - 1
1 0
7
(2»
9 15
-1 0  -1 0 ( c )  =
4 0 
0 4
Z assen h au s  s t a t e s  t h i s  th eo re m  in  [6 8 ]  b u t  o f f e r s  no p r o o f  o f  t h e  
u n iq u e n e s s  o f  t h e  i r r e g u l a r  n e a r - f i e l d s .  To th e  a u t h o r ' s  know ledge , no 
such  p r o o f  has  been  p u b l i s h e d .  A p r o o f  w i l l  be  g iv en  h e r e  t o g e t h e r  w i th  
t h e  p r o o f  o f  t h e  f o l l o w i n g  r e s u l t  c o n c e rn in g  t h e  au tom orph ism  groups o f  th e  
i r r e g u l a r  n e a r - f i e l d s .  I t  i s  r e p o r t e d  i n  Dembowski [1 8 ]  t h a t  F o u l s e r  
d e te rm in e d  t h e s e  i n  [ 2 3 ] .  As t h e r e  a p p e a r s  t o  be  no e a s i l y  a c c e s s i b l e  
a c c o u n t  o f  t h i s ,  a p r o o f  i s  g iv en  h e r e .
4.18 THEOREM. The automorphism groups o f  the f in i t e  irregular near­
f ie ld s  are as follows.
I . Aut F i s  cyc lic  o f  order 4 .
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I I . Aut F2 i s  c y c l i c  o f  o r d e r 2 .
I I I . Aut F3 i s  c y c l i c  o f  o r d e r 3 .
I V . Aut F4 i s  t r i v i a l .
V. Aut F5 i s  c y c l i c  o f  o r d e r 5 .
V I . Aut F6 i s  c y c l i c  o f  o r d e r 2 .
V I I . Aut F7 i s  t r i v i a l .
P ro o f o f  'Theorems 4 .1 7  and 4 .1 8 . In  o r d e r  t o  show t h a t h •
■ 5  •  •  • , 7 , a r e  n e a r - f i e l d s ,  i t  i s enough t o  check  t h a t F *  i s' L
p o i n t  f r e e ,  f o r  t h e n ,  as in  t h e  p r o o f  o f  Theorem 2 . 7 ,  has  t h e  r e q u i r e d
p r o p e r t i e s .  T h is  in v o lv e s  o n ly  r o u t i n e  c a l c u l a t i o n s  and i s  o m i t t e d  h e r e .
S i n c e ,  by Theorem 2 . 7 ,  e v e ry  i r r e g u l a r  n e a r - f i e l d  can be a s s o c i a t e d  
w i th  a  subg roup  o f  GL(2, p )  , f o r  a p p r o p r i a t e  p , i n  o r d e r  t o  p ro v e  th e  
u n iq u e n e s s  o f  t h e  , i t  i s  s u f f i c i e n t  t o  show t h a t  t h e  group R o f  Lemma
4 .1 3  c a n n o t  o c c u r  as  a  su b g roup  o f  GL(2, p )  and t h a t ,  i f  H i s  a f i x e d  
p o i n t  f r e e  subg roup  o f  G -  GL(2, p )  iso m o rp h ic  t o  F$ , th e n  t h e  n e a r -
f i e l d  a s s o c i a t e d  w i th  H i s  i so m o rp h ic  t o  F^ . T h is  w i l l  be  done by
show ing t h a t  e v e ry  such  subg roup  H i s  c o n ju g a te  i n  G and t h a t  t h i s
c o n ju g a t io n  in d u c e s  an isom orph ism  on th e  a d d i t i v e  group o f  th e  a s s o c i a t e d  
n e a r - f i e l d .
The p r o o f  o f  Theorem 4 .1 8  i s  th e n  o b t a i n e d  u s in g  th e  i n f o r m a t io n  on th e  
s t r u c t u r e  o f  t h e  F ^ 's  and t h e  c o r r e s p o n d in g  GL(2, p )  .
The f i r s t  s t e p  i s  t o  c o n s i d e r  t h e  m a t r ix  r e p r e s e n t a t i o n  o f  Q . Now
8
Q h a s  5 c o n ju g acy  c l a s s e s  o f  e le m e n t s .  Thus f o r  p ^ 2 , i t  f o l lo w s
from  Remark 27 .25  o f  [1 4 ]  t h a t  Q h a s  a t  most 5 i n e q u i v a l e n t  i r r e d u c i b l e
r e p r e s e n t a t i o n s  o v e r  GF(p) . A l s o ,  t h e  d e r i v e d  group ) '  o f  Q has
o r d e r  2 and h as  e x p o n e n t  2 , so  by Theorem 9 .1 0  and Example 4
8 8 y
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on p . 36 of [14] it follows that Q has exactly four inequivalent one-8
dimensional GF(p)-representations, for p t 2 . It is a well known result 
of number theory that the congruence equation
a2 *8+ i>2 = -1 mod p (*)
always has a solution. Let a3 b be solutions of (*), with a t 0 . If 
x, y are generators for Q , thenO
0 -1
1 0
a b 
b -a
is an absolutely irreducible representation of Q
8
two-dimensional representations of Q over GF(p)
over GF(p) . Thus all 
are equivalent. Hence,
for p t 2 , the subgroups of GL(2, p) isomorphic to Q form a single8
con j ugacy clas s .
Let
Q* = (0 -11 0 _a>
2 2where a + b = -1 mod p and a ? 0 .
It requires only routine calculations to check that the centraliser,
C(Q*) , of Q* in G is the subgroup K consisting of the scalar
matrices a 0 0 a
If Q is any subgroup of G isomorphic to Q , then Q = (Q*)& for8
some g in G and
C(Q) = c[(Q*)g] = [C(Q*)]9 = X? = K .
So K is the centraliser of all subgroups of G isomorphic to Q
8
This immediately shows that R cannot occur as a multiplicative group 
of a near-field, since R contains an element of order 11 which centralises 
Q but does not belong to the centre of R , contradicting the fact that 
every scalar matrix is central in G .
Let G be either GL(2, 5) or GL(2, 11) and let S, S be two
31
subgroups of G isomorphic to SL(2, 3) . Now S and S have normal 
subgroups Q and Q isomorphic to Q . In order to prove that S andO
S are conjugate, It may be assumed, without loss of generality, that 
Q = Q , since some conjugate of S will have Q as a normal subgroup.
But then S = <a, Q) and S = <a', Q ) , where a, a1 both have order 3
and have the same action on Q . Thus a 1a1 centralises Q and
-1 ,a a1 = z is in K . But then (af)3 33 , 3 = a a = 1  and a = 1 . But K
has order■ 4 or 10 and so has no element of order 3 . Thus ■—iii and
S = S . Thus, in general, S and S are conjugate.
Let G be either GL(2, 7) or GL(2, 23) and let 0,0 be two
fixed point free subgroups of G isomorphic to 0* . Again, in order to
show that 0 and 0 are conjugate, it is enough to show that 0 = 0  if
they contain the same subgroup Q isomorphic to Q . Then 0 = <a, b, Q)8
and 0 = <af, b ', Q) where a, a' have order 3 and the same action on 
Q and b, b ’ have order 4 and act in the same way on Q . Thus b b^ ’
centralises Q and b ~^b' = z is in K . Thus (b’)^  = b^z^ = 1 and
4 2z = 1 . Since 4 does not divide 6 or 22 , it follows that z = 1 .
. In both cases a is also in Q and so
(b, Q) = <b ', Q) . When G = GL(2, 23) , the argument for SL(2, 3) can 
be repeated to show that 0 = 0 . So let G = GL(2, 7) . Then again 
either 0 = 0  or a’ = az , where a is in iü and a = 1 . Now consider 
the representation of C over GF(7) . By the same reasoning as given
O
earlier in this proof, C has 3 conjugacy classes of elements and
O
therefore at most 3 inequivalent irreducible representations over GF(7) . 
Also, since GF(7) has a cube root of 1 , say a) , and C is cyclic,ö
C has exactly 3 inequivalent one-dimensional representations. Thus C
O O
has no irreducible two-dimensional representation over GF(7) and, since 7
Either a 1 or a -1 0 0 -1
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does n o t  d i v id e  |C | , i t  f o l lo w s  from M aschke 's  Theorem t h a t  e v e ry  two-O
d im e n s io n a l  r e p r e s e n t a t i o n  o f  C i s  c o m p le te ly  r e d u c i b l e .  Thus e v e ryO
f i x e d  p o i n t  f r e e ,  c y c l i c  subgroup  o f  G o f  o r d e r  3 i s  c o n ju g a te  t o
^  . C l e a r l y  n e i t h e r  a n o r  cx' i s  c o n ju g a te  t o03 0 \ or /[“ 0 13"o '  Mo
03 0
0 a)
03 0
0 0)
So a i s  c o n ju g a te  t o 03 0
L0 03 J
r 203 0 M oreover , z  i s
r  2 
03 0
•0 03*""*
and in  a l l  c a s e s ,  i f  a '  -  oz  , t h e n  a' 1 0I a. L0 03 J
o /  o' , c o n t r a d i c t i n g  t h e  a s su m p t io n  t h a t  0 i s  f i x e d  p o i n t  f r e e .
0 1
Thus 0 e q u a l s  0 a n d ,  i n  g e n e r a l ,  0 and 0 a r e  c o n ju g a te  i n  G ,
when G i s  GL(2, 7) o r  GL(2, 23) .
Now l e t  G be  GL(2, p )  w here p i s  11 ,  29 o r  59 . I f  a l l  f i x e d
p o i n t  f r e e  r e p r e s e n t a t i o n s  o f  SL (2 , 5) o v e r  GF(p) a re  e q u i v a l e n t ,  th e n
a l l  f i x e d  p o i n t  f r e e  su b g ro u p s  o f  GL(2, p )  iso m o rp h ic  t o  SL (2 , 5) a r e  
c o n ju g a t e .  I t  w i l l  now be  shown t h a t ,  even i f  S L (2 , 5) h a s  i n e q u i v a l e n t  
r e p r e s e n t a t i o n s ,  t h e  f i x e d  p o i n t  f r e e  c o p ie s  o f  S L (2 , 5) a re  s t i l l  
c o n ju g a te  in  GL(2, p )  . F i r s t l y ,  some o b s e r v a t io n s  on r e p r e s e n t a t i o n s  o f  
SL(2, 5) a r e  n e e d e d .
L e t  K be any com m utative  f i e l d .  Then t h e  s e t  B o f  m a t r i c e s  o f  th e
form x  0
Ly *
i s  a  su b g ro u p  o f  GL(2, K ) . M oreover, B h a s  an a b e l i a n
norm al su b g roup  A c o n s i s t i n g  o f  t h e  m a t r i c e s  o f  t h e  form 1 0
[h 1J
and
B/A i s  i so m o rp h ic  t o  t h e  subg roup  o f  d i a g o n a l  m a t r i c e s .  Thus B/A i s  
a b e l i a n  and B i s  m e t a b e l i a n .  Were SL(2 , 5) t o  have  a r e d u c i b l e ,  f i x e d  
p o i n t  f r e e  r e p r e s e n t a t i o n  o v e r  K , t h e n  B would  c o n ta i n  a su b g ro u p
iso m o rp h ic  t o  S L (2 , 5) , which i s  c l e a r l y  im p o s s ib le  i f  B i s  m e t a b e l i a n .
fow vt
Thus e v e r y ^ r e p r e s e n t a t i o n  o f  S L (2 , 5) o v e r  GF(p) i s  a b s o l u t e l y
i r r e d u c i b l e .
L e t  A : GL(2, K)  -*• K be  t h e  mapping t a k i n g  e v e ry  e le m en t  o f  GL(2, K)
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to  i t s  d e te rm in a n t in  K  , l e t  T be a r e p r e s e n ta t io n  o f SL(2, 5) ov er 
K  and l e t
B = TA : SL(2, 5) K  .
Then th e  k e rn e l o f  3 » Ker 3 » i s  a norm al subgroup o f  SL(2, 5) and 
SL(2, 5 )/K e r 3 i s  isom orph ic  to  a subgroup o f  th e  m u l t ip l i c a t iv e  group o f 
K  , which i s  a b e l ia n .  But th e  on ly  norm al subgroup o f  SL(2, 5) w ith  
a b e l ia n  f a c to r  group i s  SL(2, 5) i t s e l f .  Thus 3 maps every  e lem ent o f  
SL(2, 5) on to  th e  i d e n t i t y  and so  T i s  in  f a c t  a mapping from  SL(2, 5) 
in to  SL(2, K )  .
A lso , s in c e  SL(2, 5) c o n ta in s  a subgroup isom orph ic  to  Q , i t
8
fo llo w s from th e  e a r l i e r  rem arks on th e  r e p r e s e n ta t io n s  o f  Q , t h a t  i f  z
8
i s  th e  unique elem ent o f  o rd e r  2 in  SL(2, 5) and T i s  a r e p r e s e n ta t io n  
over GF(p) , th en
Now l e t  T and U be in e q u iv a le n t ,  f ix e d  p o in t  f r e e  r e p r e s e n ta t io n s  
o f  SL(2, 5) over GF(p) w ith  c h a ra c te r s  y and V r e s p e c t iv e ly .  S ince 
T and U a re  a b s o lu te ly  i r r e d u c ib l e ,  i t  fo llo w s from Theorem 30.15 o f 
[1 4 ] t h a t  y and v a re  n o t e q u a l .  Now SL(2, 5) has p r e c i s e ly  9 
conjugacy c la s s e s  -  th e  e lem en ts  o f  o rd e r  1 , 2 , 3 , 4 and 6 form ing  one 
conjugacy c la s s  f o r  each o rd e r  and th e  elem en ts o f  o rd e r  5 and 10 f a l l i n g  
in to  two conjugacy c la s s e s .  S ince th e  r e p r e s e n ta t io n s  a re  f ix e d  p o in t  f r e e  
and p i s  prim e to  6 , th e  v a lu e s  o f  y and V on th e  e lem en ts  o f  o rd e r
1 , 2 , 3 , 4 and 6 a re  e q u a l . Thus y and V can d i f f e r  on ly  on th e
elem ents o f o rd e r 5 and 10 . M oreover , s in  ce
ii
l-M iirs
i 
i
i
o
 H o"
-1 3
th e  c h a ra c te r s  on th e  conjugacy  c la s s e s  o f  e lem en ts  o f  o rd e r  10 a re  
de term ined  by th e  c h a ra c te r s  on th e  e lem en ts  o f  o rd e r  5 .
Now, f o r  th e  c h a ra c te r  a rgum en ts , one can c o n s id e r  th e  r e p r e s e n ta t io n s  
to  be over any s u i t a b le  e x te n s io n  K  o f  GF(p) -  nam ely , one c o n ta in in g
th e  r e q u i r e d  n - t h  r o o t s  o f  u n i t y .  By a s i m i l a r  argum ent to  t h a t  g iv en  f o r  
th e  r e p r e s e n t a t i o n s  o f  C^  o v e r  GF(7) , i t  f o l lo w s  t h a t ,  i f  K c o n ta in s
f i f t h  r o o t s  o f  u n i t y ,  th e n  e v e ry  tw o -d im e n s io n a l  r e p r e s e n t a t i o n  o f  C
b
o v e r  K i s  r e d u c i b l e  and t h u s ,  by  M aschke 's  Theorem, c o m p le te ly  r e d u c i b l e .  
S ince  SL (2 , 5) i s  mapped i n t o  S L (2 , K) , i f  g i s  an e le m en t  o f  o r d e r  
5 in  SL (2 , 5) th e n
y ( g) - X + X 1 and \>(g) = q + q 1 , 
where X and q a r e  f i f t h  r o o t s  o f  u n i t y .  M oreover, s i n c e  y (p )  does
2 -2n o t  e q u a l  v(g)  , i t  f o l lo w s  t h a t  q i s  e i t h e r  X o r  X F u r th e r m o r e ,
t h e s e  a re  th e  o n ly  p o s s i b l e  v a lu e s  f o r  c h a r a c t e r s  on e le m e n ts  o f  o r d e r  5 .
2
T h e r e f o r e ,  s i n c e  g and g  b e lo n g  t o  d i f f e r e n t  c o n ju g acy  c l a s s e s ,
2 - I
v{g ) = n + q = \>(g)
and
v ( p 2) = X + X 1 = \}(g) .
But SL(2 , 5) h a s  an o u t e r  au tom orph ism  a  which i n t e r c h a n g e s  t h e  two 
c o n jugacy  c l a s s e s  o f  e le m e n ts  o f  o r d e r  5 (and  t h e r e f o r e  a l s o  th o s e  o f  
e le m e n ts  o f  o r d e r  10 ) .  T hus , f o r  a l l  g in  S L (2 , 5) ,
\i(g) = v(ga)  .
Thus i f  T and U map S L (2 , 5) o n to  t h e  su b g ro u p s  and S^ o f
SL(2 , p )  , i t  f o l lo w s  t h a t
ail : SL( 2 ,  5) ^
i s  a l s o  a f i x e d  p o i n t  f r e e  r e p r e s e n t a t i o n  o f  SL(2 , 5) o v e r  GF(p) . But 
T and ail a r e  a b s o l u t e l y  i r r e d u c i b l e  r e p r e s e n t a t i o n s  o f  S L (2 , 5) whose 
c h a r a c t e r s  a r e  e q u a l .  T hus , a g a in  by Theorem 30 .15  o f  [ 1 4 ] ,  T and ail 
a re  e q u i v a l e n t .  Hence S and 5  a r e  c o n ju g a te  in  GL(2, p )  .
Each F* i s  i so m o rp h ic  t o  L x C , where L i s  one o f  S L (2 , 3) ,
1Is
0* o r  S L (2 , 5) and C i s  c y c l i c  o f  odd o r d e r .  But L a lw ays has  a
subg roup  i so m o rp h ic  t o  Q and o n ly  t h e  s c a l a r  m a t r i c e s  in  GL(2, p )
8
35
centralise a copy of Q . Also, every fixed point free subgroup isomorphic
O
to L is conjugate the appropriate GL(2, p) . Thus it follows that
every fixed point free subgroup of GL(2, p) isomorphic to FI is
conjugate.
Let H be a fixed point free subgroup of G = GL(2, p) isomorphic 
to F$ . If g is in G , then clearly is also a fixed point free
subgroup of G and if additions are defined on H u (0) and u (0) as 
in the proof of Theorem 2.7 (that is, by addition on the first rows of the
matrices), then H u (0) and Hp u (0) form near-fields. Moreover, the
near-fields are isomorphic if G has an element k such that H^ 
and conjugation by k is an isomorphism of the additive groups. It will 
now be shown that conjugation by k is an isomorphism of the additive 
groups if and only if k belongs to the subgroup B of G consisting of 
all matrices of the form a 0 Y 6
Let k = a 3 Y 6 and A = a6 - (By . Conjugation by k is an
isomorphism of the additive groups if and only if
+ ( = (.h+h')k
for all /z, h' in # u (0) . Let h a b c d
h + h'
a b 
o d
A* B* 
X Y
and h ’ b'ld' Then
where A* = a + a r , B* = b + b ' and X, Y are uniquely determined by
"A* B*
X Y being in H u (0) . Thus
36
Also
(h+h' )k - 4*X
1
A
a&A * +Y 6ß *-a$X-3'YY 
2 2
_-aY^^-Y B*+a xtotyY
3 6 4 * t 6 V - 3 2X-36Y
-$YA*-y6B*+oißX+oi&Y^
^  + ( h ’)k aa
rot 6i 
- 4  <Sj
a
h *
d 1
ra  3-] 
lY 6-1
1
A
a6 a+Y1&b -  a3 c-  3yd 
2 2
-orya-Y &+a c+ocyd
36a+62& -32c -3 6 d
-$ya-Y6b+OL$c+a6d_
+ a Sa'+y&b '- a $ c r-fryd’ 2 2a y a ' - y  &'+a c'+ocyd'
S6c£'+62& ' - e 2e ' - 6 6 c i '
-3Ya'+Y<5& ' +ct$cr -aSd'
= 1 a6,4*+Y6ß*-a3C*-3YZ)* 36,4*+628*-32C,*-36z)*
A W Z
w here C* - c + o'  5 D* - d + d'  and f/5 Z a r e  d e te rm in e d  by th e  m a t r ix
£
b e lo n g in g  t o  #  u (0 )  . Thus c o n ju g a t io n  by i s  an isom orph ism  i f  and
o n ly  i f  t h e  f o l l o w in g  e q u a t i o n s  h o ld :
a3X = a 3 ( c + c f ) (1 )
3yY = 3Y(d+d' )  (2)
32X = 32 (c t< ? ')  (3 )
36Y = 36{d+d')  . (4 )
I f  3 ^ 0 ,  e q u a t i o n s  (1 )  -  (4 )  h o l d  i f  and on ly  i f  X = a + o'  and e i t h e r  
Y = d + d ’ o r  y = 6 = 0 . But i f  X = c + o r and Y = d + d'  h o ld s  f o r  
a l l  c h o ic e s  o f  c ,  a ' ,  d  and d ’ » th e n  a d d i t i o n  i n  H u  (0 )  i s  p r e c i s e l y  
m a t r ix  a d d i t i o n  and H u (0 )  i s  a  f i e l d ,  w hich i s  a  c o n t r a d i c t i o n .  A ls o ,
does n o t  b e lo n g  t o  GL(2, p)  .Y = 6 = 0 c a n n o t  h o l d ,  s i n c e a  3 0 0
Thus 3 = 0 .  F u r th e rm o re ,  e q u a t i o n s  (1 )  -  (4 )  a r e  a lw ays s a t i s f i e d  when
3 = 0 and so  fe = a  0Y <5 as  r e q u i r e d .
I t  w i l l  now be shown t h a t  i f  H and H a r e  f i x e d  p o i n t  f r e e
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subgroups of G isomorphic to Ff , then II - if , where b is in B .
"Is
This completes the proof of Theorem 4.17. Each case will be dealt with 
separately and the automorphism groups of the corresponding near-fields 
calculated, thus also proving Theorem 4.18. The diagrams describe the 
relevant part of the subgroup lattices.
Type I. Let G be GL(2, 5) . Let S be a fixed point free 
subgroup of G isomorphic to SL(2, 3) and let Q be its Sylow
2-subgroup. Also, let Z2 be the centre of S (of order 2 ) and let
K be the subgroup of G consisting of the scalar matrices.
Let N be the normaliser of Q in G and let N be SK . Since 
S n K is Z<2 , it follows that N has order 48 . Also, since K is the
centraliser of Q in G , it follows that N/K is isomorphic to a
subgroup of S (the automorphism group of Q ).4 8
1 or 2
Thus N has order dividing 4*24. Clearly, N contains N . So either 
N equals N or N is a subgroup of index 2 in N . In fact,
W/z2 ^ s/z2 x k/z2 ,
so N has no element of order 8 . It will now be shown that N has an 
element of order 8 .
It follows from the remarks on representations of Q that Q is8
conjugate to the subgroup of G generated by
o be the conjugating element. Now
1 . Furthermore,
1  0  *
0 -1
1 0 and
C 2 
2 0 Let
1 -1
1 1 has order 8 and centralises
’o 2
r I-1 H 1 ‘2 o' *0 2 1—1 1O
2 0. .0 - 2, 0CN 1 0.
"l -1 eThus ,1 1 normalises Q but does not belong to N .
Thus N has order 4*24 5 5= 2 *3 . But G has order 2 *3*5 , so N
has index 5 in G . If n belongs to N , then conjugation by n
clearly fixes Q and permutes the Sylow 3-subgroups of S , since N has 
no Sylow 3-subgroups not in S . Thus S is normal in N and, since S 
is not normal in G and N has index 5 in G , it follows that N is 
the normaliser of 5 in G . Since G has only one conjugacy class of 
subgroups isomorphic to SL(2, 3) , there are [G : N~\ = 5 such subgroups.
Let D be the subgroup of G consisting of all matrices of the form
. Clearly conjugation by elements of B can always equally well be
achieved by conjugation by elements of D . Now D has order 20 . 
Moreover, N u D is G . Thus
5 = IG : in = IN u D : N] > ID : N n £>] .
Since 5 does not divide the order of N , it follows that N n D has 
order 4 .
1 0 
o d
Let 3v g^  be a set of coset representatives in Then
ef -
9-L» • • • > g
9is. = s ^
if and -1only if 9 9^j is in N n D and so i - j
is a set of coset representatives of il/ in G .
are the 5 subgroups of G isomorphic to SL(2, 3)
Thus
Thus
and, since
g. is in D , the corresponding near-fields are isomorphic.
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Since N/K is isomorphic to 5^ , the automorphism group of SL(2, 3) ,
it follows that every automorphism of S can be obtained by conjugating by 
an element of N . Moreover, n and n' induce the same automorphism if
and only if n(n') ^ is in K . Furthermore, n induces an automorphism 
of the near-field associated with S precisely when n is in N n D .
But N n D has order 4 . Also, K n D is trivial. Thus the automorphism
group of the near-field has order 4 . Since 1 0 0 2 is in N n D and
has order 4 , the automorphism group of an irregular near-field of order
5 is cyclic of order 4 .
Type II .  The definitions for type I are retained, except that now G
is GL(2, 11) and F* is isomorphic to SL(2, 3) x £ and so a subgroup2 5
H of G isomorphic to F* is S x C , where C is the cyclic subgroup 
of order 5 in K . Now N has order 5* 24 and has no element of order 8
1 or 2
Also, Q
’-4 4_
4 4J *
is conjugate to the subgroup of G 
Moreover, 4 4-4 4 has order 8
generated by 
and centralises
and
[ 4 4]1 l-4 4j rIF.3-11___ L - 4 j 1 1 -p 1 •F, 1—1 1O TFzf-11___
4  4
___
1
o
1
1—
1 ^ 4  4
Also
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Thus N contains an element of order 8 not in N and so N has order
2*5*2 = 24*3*5 . But G has order 24*3*52*11 and N has index 5*11 
in G . By a similar argument to that for type I, S is normal in N .
Also, since the automorphism group of S is and has order 24 , the
normaliser of S cannot have order greater than 10*24 , so N is the 
normaliser of S and hence also of H = S x C = W . Since G has only 
one conjugacy class of subgroups isomorphic to F* , there are
LG : /!/] = 5*11 such subgroups.
Now D has order 10*11 . Every element of order 5 in N is in 
K and K n D is trivial. Thus N n D has order at most 2 . Hence
5*11 = LG : 217] > LD : N n D~\
and so N n D has order 2 and LD : N n D] = 5*11 . Thus, using the 
same argument as for type I, every subgroup of G isomorphic to F* can
be obtained from H by conjugation by an element of D and the corresponding 
near-fields are isomorphic.
Since C is in the centre and so also in the prime.field of the near­
field corresponding to H , every near-field automorphism fixes C 
elementwise and is thus induced by N n D which has order 2 . Since 
N n D n K is trivial, the automorphism group of the near-field is cyclic 
of order 2 .
Type III. This time G is GL(2, 7) and the subgroup H of G is 
isomorphic to 0* . Since Q is normal in H , which has order 48 and
intersects K in , it follows that N is HK and has order
4 23*48 = 2 *3 . Moreover, since Q
is the normaliser of H . Now G 
2*7 in G . Also, D has order
is in fact characteristic in H , N
5 2has order 2 *3*7 and N has index
7*6 = 2*3*7 . But N has just one
element of order 2 namely -10
0
-1 and this is not in D . So
N n D has order at most 3 .
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N = HK
Also,
2*7 = IG : N] > \_D : N n Z?]
and so /V n D has order 3 and [D : iV n D] = 2*7 . Again the argument 
used for type I shows that all near-fields with multiplicative group 
isomorphic to 0* are isomorphic.
Now the automorphism group of 0* is isomorphic to x c . Also,
0* can be generated by two elements and H - < r, t > , where r has order
2 _3 and t has order 8 . Also, S - (r3 t > . Now N/K is isomorphic to
S, and 4
y : r v , t t
is an outer automorphism of H of order 2 . Moreover, y fixes S 
elementwise and takes every other element 
The automorphism group of H is generated by y and the automorphisms
a b "-1 o " a b
g  d
to
_ 0 - 1_ c d_
induced by N . Let v = yy be an outer automorphism. If a 0 o d is in
H , then it is in the prime field of the corresponding near-field and so
has order dividing 6 and is in S . Moreover, a 0 o d is fixed by v
if V is a near-field automorphism. Thus, if p corresponds to
conjugation by a 3 , then p also fixes a 0J S, 6. o dm and
a 0 a 3 aa aß a 3 a 0 aa+Gß dß
g d_ Y <5_ Got+dy Gß+dö_ J  6. o d_ ay+c?6 d6
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If 3 ^ 0 ,  this implies that b - 0 and a - o . But H n K has 
2 and a takes 6 values. Thus 3 = 0 and r\ corresponds to 
conjugation by an element of N n D , which is itself a near-field 
automorphism. But y is not a near-field automorphism, for in the 
presentation of H given in the statement of Theorem 4.17, _? ^
order
is in
S and is thus fixed by y . But then y would fix every element, since 
it clearly fixes 1 0 0 1 Thus the near-field corresponding to H has no
outer automorphisms and so its automorphism group is isomorphic to N n D , 
which is cyclic of order 3 .
Type IV. Now G is GL(2, 23) and H is isomorphic to 0* x C .
0 x C
Moreover, N is H and H is self-normalising. Thus N has order
24,3#11 ; G has order 2^*3*11^*23 ; N has index 2*11*23 in G and 
D has order 2*11*23 . But N has only one subgroup of order 22 , 
namely the subgroup K of scalars and K n D is trivial, so N n D is 
trivial. Thus \_D : N n £>] = 2*11*23 and again all near-fields with 
multiplicative subgroups isomorphic to 0* x are isomorphic.
Every near-field automorphism fixes the prime field K u (0) of the 
near-field corresponding to H . Moreover, if the automorphism is non­
trivial, it fixes no element of H \ K . Thus, again, y is not a near­
field automorphism. Also, every near-field automorphism is an automorphism 
of the subgroup 0 of H isomorphic to 0* , Since N n D is trivial, no 
inner automorphism of 0 is a near-field automorphism.
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L e t v = yr| be an o u t e r  au tom orph ism . I f  v i s  a n e a r - f i e l d  
au tom orph ism  and ri c o r r e s p o n d s  t o  c o n ju g a t io n  by n , t h e n  
2 2 2 2v = y ri = n a c t s  t r i v i a l l y  b u t  r\ does n o t  a c t  t r i v i a l l y  and so  n i s  
an e le m en t  o f  o r d e r  4 i n  N . W ithou t  l o s s  o f  g e n e r a l i t y , n may be
„ -1
t a k e n  in  0 and so  n i s  a c o n ju g a t e  o f  s  = [t  J o r  o f  s t  . I f  n
i s  a  c o n ju g a te  o f  s  , t h e n ,  s i n c e  s  i s  i n  S , v f i x e s  n , w hich i s  
an e le m e n t  o f  H \  K . A ls o ,  i t  can e a s i l y  be checked  t h a t
(s£ = , But s t  ^ i s  i n  0 \  S  , so  y maps s t  ^ t o
[ s t  f 14 a l s o  and V f i x e s  s t  ^ . S i m i l a r l y ,  i f  n  = ( s t , t h e n  V
f i x e s  [ s t  . Thus i n  e i t h e r  c a se  V f i x e s  an e le m en t  o f  H \  K and
c a n n o t  be a n e a r - f i e l d  au tom orph ism . Thus t h e  au tom orph ism  group  o f  th e  
n e a r - f i e l d  i s  t r i v i a l .
Type V. L e t  G be  GL(2, 11) . As n o te d  e a r l i e r ,  S L (2 , 5) has  a 
p r e s e n t a t i o n
_T r-N / 3 5 2 , 2  Z vS L (2 , 5) = <x 9 y ,  z \  x  = y - z  = 1 ,  x -  x ,  y = y ,  ( xy )  = z )  .
A l s o ,  th e  au tom orphism  group o f  SL (2 , 5) h a s  o r d e r  120 , w i th  t h e  i n n e r
autom orphism s fo rm ing  a subg roup  o f  o r d e r  60 . An o u t e r  au tom orph ism  i s  
g iv e n  by
1 , -1- 1 - 1  w x  a : x  -*■ x  yxy  x  - or ,
2
y ■+ y  >
z ■+ z ,
and a  h a s  o r d e r  4 . As g iv e n  in  t h e  s t a t e m e n t  o f  Theorem 4 .1 7 ,  th e  
e le m e n ts  (a)  and (b ) g e n e r a t e  a subg roup  S o f  G i so m o rp h ic  t o  
SL(2 ,  5) . L e t
x  = (b) -1
-3  -4
- 1  2 ( b ) ( a )  =
4 -2
-3  -1 z = (a )
Then x ,  y ,  z  s a t i s f y  t h e  d e f i n i n g  r e l a t i o n s  f o r  SL(2 , 5) . A ls o ,  
2 0 5
2 -4 I f  G h a s  an e le m en t
a b 
o d
such  t h a t
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rb]Le dj 2
y = y
then
' 4 -2 a b 4a-2e 4b-2d a b "o 5* [2 b 5 a
-3 -1 c d -2>a~c -$b-d o d_ _2 -4 [2 d 5 0
This gives rise to four linear equations which have no non-trivial solutions. 
So the outer automorphism a cannot be obtained by conjugation.
Let N be the normaliser of S in G . Again the subgroup of scalars 
K is the centraliser of S and S n K = has order 2 . Thus N/K
has order dividing 60 . Also, SK is clearly in N and has order 60*10
—  3 2 4and so N = SK has order 2 *3*5 . Now G has order 2 *3*5*11 and N
has index 2*11 in G . Again D has order 2*5*11 . Since N has
only one element of order 2 , namely -1 0 0 -1 and
2*11 = LG : 2V] > ID : N  n £>] ,
it follows that N n D has order 5 and [Z) : N n D~] - 2*11 . Thus, as 
before, every subgroup of G isomorphic to S can be obtained as a 
conjugate of S by an element of D and the corresponding near-fields are 
isomorphic.
Every outer automorphism of S interchanges the two conjugacy classes 
or elements of order 10 . The prime field of the near-field associated 
with S has elements of order 10 and these must be fixed by near-field 
automorphisms. Thus only the inner automorphisms induced by N n D are 
near-field automorphisms. Hence the automorphism group of the near-field
is cyclic of order 5 •
T y p e  VI. Now G is GL(2 , 29) and
X = (i»)'1 = '-212
7
1 , y = (b)(a)
-7 -1
-2 12 z - (a) 
2 -7 -5
-10 1generate a subgroup S isomorphic to SL(2, 5) . Also, y = 
and it can be shown, as for type V, that there is no g in G such that
q 2y - y . Thus, again, a cannot be obtained by conjugation. Again
Now G has orderN = SK and so N has order 60*28 = 24*3*5*7 .
5 22 *3»5*7 *29 and N has index 2»7*29 in G . Also, D has order
2 2 2 *7*29 . Thus N n D has order dividing 2 *7 . Furthermore, since
every element of order 7 in ZV is in Z and K n D is trivial, N n D
2has order dividing 2 . Also, since
2*7*29 = [G : tf] > [D : n £>] ,
N n D has order at least 2 .
Now the subgroup H of G isomorphic to F* is S x C , where C6
is the cyclic subgroup of order 7 in K . Thus # has index 2 in iV .
Now if d
i
1 0 
a b has order 4 in D , then b = 1  and
1 0 
a{ 1+2?) -1 . Since H is fixed point free, d clearly is not in
H and so d is not in N . Thus N n D has no element of order 4 . 
Since S n D is trivial, an element of order 2 in N n D has the form
n = sk , where s has order 4 in S and k has order 4 in K . If
n1 also has order 2 in N n .D , then n' = s’k1 and
nin 1) 1 = s(s ') hik') _1 . But K has only two elements of order 4 and
k2 = (k')2 = z is in S . So n(nf) 1 is in S n D . Thus n = n ’ and
N n D has only one element of order 2 . Thus N n D has order 2 and 
[Z? : N n D~\ = 2*7*29 . Hence, since N is also the normaliser of H , 
every copy of H can be obtained by conjugating by an element of D .
Thus the corresponding near-fields are isomorphic.
Again, since H - S x C and C is in the prime field of the 
corresponding near-field, the near-field automorphisms are automorphisms of 
S .
Let V = ocri be an outer automorphism of S , where a is the outer
automorphism defined for type V and r| is induced by s in S - since 
conjugation by sk in N gives the same automorphism as s .
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L e t t  = { x y r  . Then £ -12  0 -5  12 and th u s  £ b e lo n g s  to  th e
prim e f i e l d  and i s  f ix e d  by V . L e t r  = £ a  . Then
- 1  -2
A lso , r 8 -14-14  -8
2 - 1 - 2  , .x  yr  - y x %x y x  y • z = ( x y z ) u
and
'rH1o r i—1O
1__
-1 0 i i H O
Thus
= 1 n = _i „ = ^
-1  -2  -1  -2 
, y  / \Vx yv - {xyz)  10 - (xy) a
-1  -1  -2  -1  -1  -2  
= [(^)y]y rx « -- A ra »
and so
-1  - 1  -2s , j j  rx  y sr  = t v  = t  = ir a
But S h a s  one c o n ju g a c y  c la s s  o f  e le m e n ts  o f  o r d e r  4 and i t  c o n ta in s  
30 e le m e n ts .  Thus th e  n o r m a l is e r  (an d  c e n t r a l i s e r )  o f  £ in  £  has
3
o r d e r  4 and i s  p r e c i s e l y  th e  subg roup  g e n e ra te d  by £ . S in c e  £ - t z
- 1  - 1  -2and z i s  c e n t r a l ,  one can  ta k e  y rx  y s  t o  b e  e i t h e r  1 o r  £ .
-1  -1  -2L e t y rx  y s = £ . Then
2 -1  ,s - y xr y t  =
Now (xy) a = x ^yxy 
F u r th e rm o re ,
-1  -10  
-5  7
r - i  - 1 0 ]L-S 7 -1i—
11
o 0 1 *2 3 — O 1 " - 1 2  - 5 “
1  0
V =
1  0
a n  = CM ' 1
CO
___
1
~ ----
1
CM 
1—
1
O____1
A lso ,  [y x) v  = [y 2) n  = [y 2) S . Thus
[ " I  ~10]L_r 7 J
'1 2  r 1  5 ' 1—5 7 J 0 
1—
1 1
0
 
1—
1
n
1CM
___
1
V -
.10 " 7. _-!0 13_
4Hence
12 1 
2 -7
0 -1
1 0
12 0 
5 -12
12 0 
5 -12
and
12 1 
2 -7 V +
0 -1
1 0
10 -10 
-10 13
-12 -5
0 12
12 0 
5 -12
Thus v is not a near-field automorphism.
-1 -1 -2Similary, if y rx y s = 1 , then
and
0 -1
1 0 V =
2 -1s = y xv y
-2 5 
-1 2
-4 4 
4 3
12 1 
2 -7
1 10 
5 -7
Again,
12 1 
2 -7
0 -1
1 0
12 0 
5 -12
12 1 
2 -7 V +
0 -1
1 0 V .
Thus no outer automorphism is a near-field automorphism. Hence, since 
N n D has order 2 , the automorphism group of the near-field is cyclic of 
order 2 .
Type VII. Now G is GL(2, 59) and
x = (b)-1 -10 -1510 9
15 -9
-10 10 > 2
2
(a)', y - (b ) ( a)
generate a subgroup S isomorphic to SL(2, 5) . Also, y* - 
and again the outer automorphism a cannot be achieved by conjugation.
20 11 
-14 13
Thus N = SK and N has order 60*58 = 23* 3*5*29 . Now G has order
4 22 *3*5*29 *59 and N has index 2*29*59 in G . Also, D has order
2«29*59 . Again, the only elements of order 29 in N are in K and 
K n D is trivial. So N n D has order at most 2 . But
the only element of order 2 in N . Thus N n D is trivial and
ID : N n D] = 2*29*59 = [ £ : # ] .
The subgroup H of G isomorphic to is S x C s where C is the
4 $
subgroup  o f  in d ex  2 in  K ( in  f a c t  H = N = SK ) .  Now N i s  s e l f -  
n o r m a l is in g  and so  e v e ry  su b g ro u p  iso m o rp h ic  t o  H can be o b ta in e d  from  
H by c o n ju g a t in g  by an e le m en t o f  D . Hence th e  c o r re s p o n d in g  n e a r - f i e l d s  
a re  iso m o rp h ic .
A g a in , s in c e  H = S x c  and C i s  in  th e  p rim e f i e l d  o f  th e  c o r r e s ­
pon d in g  n e a r - f i e l d ,  th e  n e a r - f i e l d  au tom orph ism s a re  au tom orph ism s o f  S . 
M oreover, s in c e  N n D i s  t r i v i a l ,  any n o n - t r i v i a l  au tom orph ism  i s  an
V  . Then V =  o tn  ,  1
r s  i n  S . Now y -1 10
10
9
15 and l e t  y
d e n o te y 0_0 y_ in  K . Then
y  ~ 252/
20 11 
-1 4  13
-21 -11 
14 -14
-1  0 
0 -1
Hence
Now 252/ 28 -20 4 -29
(y2-2 5 t/)v  = (y2)v  -  (2 5 y)\>
= -  (25t/2)n  .
and so  i f  s a b a d
(25j/2)n 28ad-^ab-20ad+29ba
and A = ad -  b o  , th e n  
2Qbd-kb2-2 0 ( f+ 2 9 b d
2 2-28a<?+4a +20c -2 9 ao -2  8bo+^ab+20od-29ad
and
= T
10 a d - 10 cib+9 c d -  15b o 
2 2-1 0 ac+ 1 0 a  - 9 q +15ao
10bd-10b2+9d2- l S b d
-10bo+10ab-9cd+15ad
Thus
-±8ad-6ab+29od+15bc  -18Z?i-6i?2+29d2+15&d
g h
2
[y -25z/)v
-1  0 
0 -1 V =
-1 0 
0 - 1
Thus
29cf  - 3b d  - 6 b -  0 mod 59 .
I f  b = 0 , th e n  d  = 0 , c o n t r a d i c t i n g  th e  a ssu m p tio n  t h a t  s  i s  in
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F,L(2, !/))
T ha t  i s ,
Thus b i- 0 and
29 ( d / b ) 2 - 3(d/b)  -  6 E 0 mod 59 . 
( d / b ) 2 + 6 (d /b )  + 12 E 0 mod 59
and so
l(d /b)+3']2 = -3  mod 59 .
But -3  i s  a  q u a d r a t i c  n o n - r e s id u e  modulo 59 . So th e  e q u a t io n  has  no 
s o l u t i o n  and no o u t e r  au tom orph ism  o f  S' i s  a n e a r - f i e l d  au tom orph ism . 
Thus t h e  au tom orph ism  group  o f  t h e  n e a r - f i e l d  i s  t r i v i a l .  □
5. Finite regular near-fields
In  t h i s  s e c t i o n ,  t h e  w e l l  known r e s u l t s  o f  Z a ssenhaus  a r e  o b t a i n e d  
u s in g  th e  c o n s t r u c t i o n  f o r  r e g u l a r  n e a r - f i e l d s  g iv e n  in  s e c t i o n  3. The 
f i r s t  p a r t  o f  t h e  p r o o f  i s  s i m i l a r  t o  t h a t  g iv e n  by E l l e r s  and K a r z e l  i n  
[2 2 ].
For t h e  p r o o f s  o f  Lemmas 5 . 1 ,  5 . 2 ,  5 . 3  and 5 . 4  s e e ,  f o r  ex a m p le ,  [4 4 ]  
Lemma 3 . 1 ,  [2 2 ]  p .  255,  [4 4 ]  Lemmas 3 .2  and 3 . 3 ,  r e s p e c t i v e l y .
5.1 LEMMA. Let q and n be p o s i t i v e  in teg ers  and l e t  p be a
0(. ßprime d i v i s o r  o f  q -  1 . I f  p and p are the highes t  powers o f  p 
d iv id in g  q -  l  and n r e s p e c t i v e l y  3 then
(v) q - 1 = 0  mod p ;
( i i )  i f  p 1 t  2 or  3 = 0 3 then qn -  1 £ 0 mod p a+^+1 •
( H i )  i f  p a  = 2 and 3 > 1 ,  then qn -  1 = 0 mod p a+^+1 . □
5.2 LEMMA. Let q and n be p o s i t i v e  in tegers  such th a t  n( q- i )
d iv ides  q -  1 . I f  r  i s  a prime or  4 and r  d iv ides  n 3 then r
d iv ides  q -  1 . □
5.3 LEMMA. Let q and n be p o s i t i v e  in teg ers  such t h a t3 i f  r  i s
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is a prime or 4 and r divides n j then r divides q - 1 . Then
<?2-l j -1
1’ <7-1 ’ •••’ <7-1 
is a complete residue system modulo n . Furthermores
n
^ = 0 mod n .q-1
5.4 LEMMA. Let q9 n and i he positive integers satisfying 
(i) every prime divisor of n divides q - 1 }
(ii) q*' - 1 divides qn - 1 3
(Hi) [qn-l)/n divides - 1 .
Then i equals n . □
Let D be a finite regular near-field. Then D can be obtained, as 
described in section 3, from a field F and its automorphism group T .
Now D* is a complement of V in S = TF* and D has the same order as
F , say p^ , where p is prime.
Let G - {y : y € F, yf € D*} . If y, y' are in G , then
(y/)(y '/') = y y '/y f £ D* .
So yy' is in 6 and £ is closed under multiplication. Thus, since G 
is finite, £ is a subgroup of T . Let £ have order n . Then n
Idivides X . Let l = XIn and q - p 
Furthermore, for y in £ , let
F = {f ■ f t F*i D*} .
Since D* is a complement of T in TF* , it follows that for distinct 
y, y f in £ , the intersection of F^ and F , is trivial. Also,
F* = U F . 
y €£ Y
Moreover, if y, y' are in £ , then for some f  in F , the element
Y 1 Y_1
(y'y is in D* and, for all / in F^ ,
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(y 'Y V ' Y /  = Y •
Thus If ,1 > If
1 Y Y
But t h e n ,  by sym m etry , | F | > | F ^ , and so
Fy \ = m = [qn - l ) / n
f o r  a l l  Y in  G . T hus ,  in  p a r t i c u l a r ,  i f
F = F^ = D* n F* ,
th e n  F h a s  o r d e r  m and F i s  t h e  ( u n iq u e )  subg roup  o f  in d e x  n in
F* . The F a r e  c o s e t s  o f  F i n  F* .
Y
C l e a r l y ,  s i n c e  F* and T a r e  c y c l i c ,  D* i s  m e t a c y c l i c .  S in ce  G
h as  o r d e r  n , i f  
g e n e r a te d  by y* .
g e n e r a t o r  o f  F* .
Y* i s  t h e  au tom orph ism  t a k i n g  
L e t  f  be  i n  F  ^ and l e t  (jo
I f  /  = ü3G , t h e n
x  t o  x q , th e n  
be an a r b i t r a r y
G i s
. A ^ i - 1
(yX/)1" = (y*)V  ^  ?
= /(<?-!)
= (Y* ) V  Yt ‘ 1) / ( ^ _1)
and
F . = X ) u : u € F}
(y*)
r a ^ - l j / C q - l )  n j  .  i
= \ü) ^  ;  ^ ü)  ^ : 0 5  J < .
But
n
F* = U F
i = l  (y*)
and t h u s ,  f o r  some i ,  j  ,
to =
Hence ( ( T ,  n) -  1 . L e t  m'  be  t h e  p r o d u c t  o f  t h o s e  prim e d i v i s o r s  o f  m 
n o t  d i v i d i n g  o . Then (o+mrn ,  mn) = 1 and
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o+m'n a  m’n „ ,, f *  = u) = 03 oo £ A
A ls o ,  f *  g e n e ra te s  F* .
L e t a -  1 * ( / ^ ) n and b -  y * f*  . Then cF - 1 and
bn = ( Y*)n ( /< )  = p . ^ * )
Thus i s  in  U . Hence n d iv id e s  [qn ~ l ) / ( q - 1 )  and bn - cF where
t  - [qn - l ) / I n ( q - l ) ] . F u r th e rm o re ,
ab = [ l - ( / * ) " ]  [ yV U  = Y * ( f * ) 1+qn 
= [Y */U [l'(/*)<?n] = baq
and h ence  b *~ab ~ cfi . Thus D* h a s  t h e  f o l l o w i n g  p r e s e n t a t i o n
D* -<a, i>; o '  -  1,  bn= 1 > .
M oreover, s i n c e
F  =  ( y  ^  ;
i t  f o l lo w s  t h a t  bV i s  n o t  i n  £/ f o r  1 5 V < n . Thus
V _ t \q = 1  mod n ( q - l )
i f  and o n ly  i f  n d i v i d e s  v . H ence , by Lemma 5 . 2 ,  i f  r  i s  a  p r im e o r  
4 and r  d i v id e s  n , th e n  r  d i v i d e s  q -  1 .
F u r th e rm o re ,  s i n c e
r n V _ ( n ,v )  .[q - 1 ,  q -1)  = q -  1 ,
i t  f o l lo w s  from Lemma 5 .4  t h a t
qV = 1 mod m
i f  and o n ly  i f  n d i v i d e s  v .
a ßL e t s be a p rim e d i v i s o r  o f  q -  1 and l e t  s and s  be the 
h i g h e s t  powers o f  s d i v i d i n g  q - 1 and n r e s p e c t i v e l y .  By Lemma 5 .1 ,
i f  s a t  2 th e n  s does n o t  d i v id e  t  - [qn - l ] / L n ( q - l ) ] . A l s o ,  i f
Cls - 2  th e n  2 d i v i d e s  t  p r e c i s e l y  when $ > 1 ; t h a t  i s , when n i s  
even . Thus ( q - 1 ,  t )  < 2 and  ( q - 1 ,  t )  - 2 i f  and o n ly  i f  q E 3 mod 4
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and n is even. But if v is a prime or 4 and r divides n , then r 
divides q - 1 and thus
(«, t) = (q-1, t) < 2
and
(n, t) = (q-l, t) - 2
if and only if
q E 3 mod 4 and n E 2 mod 4 .
It follows from the presentation of F* given above that F* has 
generalised quaternion Sylow 2-subgroup precisely when (n, t) = 2  .
Let Z* be the centre of D* . Then
Z* = < a > = < !•(/*) ^  ^ /(t? 1} > .
Thus Z = Z* u 0 is the sub field of F (and D ) of order q = p •
Thus, if F is Fyia regular near-field, then D has order p and
centre of order lV , where p is a prime and p, Z, n satisfy
if v is a prime; or l4 and r divides n , then v divides p -1 . (*)
Conversely, let p be a prime and p, Z, n satisfy (*)• Let F be
a field of order nq IsYl- p and f its automorphism group. If S is the
split extension of F* by T and G is the subgroup of T of order n ,
let f* be a generator of F* . The automorphism y* : x -*■ generates 
G . Let F^ - U be the subgroup of F* of index n and let
(y*)
= {(/*) ^  : u £ U} .
By Lemma 5.3,
F* = U F
i=l (y*)
and F
(y*)
=n 1
Let D • = {(y*)V '• f € F .} and F* - U D . . Let d, d' be 
(y*)* (y*)r i=1 (y*)2.
in F* . Then
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d d ’ = (Y*)%(f* )^ q " ^ /(<? 1 ) w (Y  ^  1 ) u ,
w here zz, v a r e  in  U . Thus
= / ( ? - ! ) +  (<?'7- l ) u^ ' y
= ( y * ) ^ ( . f * )  ^  >
w here  u i s  in  U . Thus d d 1 * i s  a l s o  in  D* and D* i s  c l o s e d  u n d e r
m u l t i p l i c a t i o n .  H ence , s i n c e  D* i s  f i n i t e ,  D* i s  a su b g ro u p  o f  S .
n
F u r th e r m o r e ,  T n D* i s  t r i v i a l .  A l s o ,  s i n c e  F* = U F . , i t  f o l lo w s
i - 1  {y*)'1
t h a t ,  i f  y f  i s  i n  S , t h e n  /  i s  in  F . f o r  some i  and
(Y*)t
y f  = [ Y ( Y * n  [CY*)V] € re* .
Thus D* i s  a complement o f  T in  S and t h e r e  i s  a  r e g u l a r  n e a r - f i e l d
o f  o r d e r  q 1 - p^n w i th  c e n t r e  o f  o r d e r  q .
The n e a r - f i e l d  o b t a i n e d  by t h i s  method depends on t h e  c h o ic e  o f  t h e  
g e n e r a t o r  f*  o f  F* .
I f  p i s  a  p r im e  and p ,  Z, n s a t i s f y  ( * ) ,  t h e n  p ,  Z, n w i l l  be 
c a l l e d  a f i n i t e  Dickson t r i p l e . I f  p ,  Z, n i s  a  f i n i t e  D ickson  t r i p l e ,
. Inth e n  th e  c l a s s  o f  r e g u l a r  n e a r - f i e l d s  o f  o r d e r  p w i th  c e n t r e  o f  o r d e r  
I
p w i l l  be  d e n o te d  by DF(p, Z, n) .
The f o l l o w i n g  r e s u l t  h a s  now b e e n  p ro v e d .
5 .5  THEOREM ( Z a s s e n h a u s ) . I f  p ,  Z, n i s  a f i n i t e  Dickson t r i p l e 3
Inthen there i s  a t  l e a s t  one regular3 n e a r - f i e ld  o f  order p w ith  cen tre  o f
lorder p . Conversely3 every f i n i t e  regu lar  n e a r - f ie ld  belongs to  a 
c la ss  D F(p , Z, n) fo r  some f i n i t e  Dickson t r i p l e  p ,  Z, n . □
D e s p i te  v a r i o u s  c o n f l i c t i n g  c la im s  by Z assenhaus  and o t h e r s ,  t h e  p r o o f  
o f  t h e  f o l l o w in g  im p o r t a n t  r e s u l t  was o n ly  p u b l i s h e d  q u i t e  r e c e n t l y  i n  [ 4 5 ] .
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5 .6  THEOREM (L ü n e b u rg ) .  I f  p ,  l ,  n i s  a f i n i t e  Dickson t r i p l e ,
t/ien DF(p, l , n )  conta ins $ ( n) / g  isomorphism types o f  n e a r - f ie ld s ,  'Snore 
i  i s  the E u ler fu n c tio n  and g i s  the order o f  p modulo r. . □
The above r e s u l t  depends on th e  s t r u c t u r e  o f  th e  autom orphism  group 
o f  a  n e a r - f i e l d .  T h is  can be found  in  [ 6 8 ] ,  S a tz  18.
5 .7  THEOREM ( Z a s s e n h a u s ) . The automorphism group o f  a n e a r - f ie ld  
in  D F(p , l ,  n) i s  c y c l ic  o f  order I n / g  , where g i s  the order o f
p modulo n , excep t when p ,  Z, n i s  3 ,  1 ,  2 ,  in  which case the  
automorphism group i s  isom orphic to  the sym m etric group on th ree  e lem en ts . □
A lthough  th e  p r o o f s  o f  Theorems 5 .6  and 5 .7  w i l l  n o t  be g iv e n  h e r e ,  
some rem arks  c o n c e rn in g  t h e s e  p r o o f s  w i l l  be  u s e f u l .
F i r s t l y ,  i f  D i s  a  f i n i t e  r e g u l a r  n e a r - f i e l d  n o t  i n  DF(3, 1 , 2 )  , 
o b t a i n e d  from  F and Y a s  d e s c r i b e d  b e f o r e ,  t h e n  t h e  au tom orphism  group 
o f  D i s  i so m o rp h ic  t o  t h e  su b g roup  o f  Y o f  in d e x  g - t h a t  i s , th e  
subgroup  o f  T c o n s i s t i n g  o f  au tom orph ism s o f  F o f  t h e  form
Y : x  -*■ xr . I f  y i s  o f  t h i s  fo rm , t h e n  y in d u c e s  an au tom orphism  o f
D , o b t a i n e d  by c o n ju g a t io n  by y  i n  D* . For  c o n v e n ie n c e ,  t h e  
au tom orph ism  in d u c e d  by y w i l l  be  i d e n t i f i e d  w i th  y and th e  au tom orphism  
group o f  D w i l l  be  s a i d  t o  be  t h e  subg roup  o f  T o f  in d ex  g . A s i m i l a r  
i d e n t i f i c a t i o n  w i l l  be  made w henever t h e  au tom orphism  group o f  a n e a r - f i e l d  
i s  d i s c u s s e d  -  i n  p a r t i c u l a r ,  in  s e c t i o n  10.
I f  p ,  Z-, n i s  3 , 1 ,  2 , th e n  i t  i s  n o t  d i f f i c u l t  t o  se e  t h a t  th e  
s p l i t  e x t e n s i o n  S = YF* h a s  o n ly  one complement D* o f  Y n o t  e q u a l  t o  
F* and so DF(3, 1 ,  2) c o n ta i n s  o n ly  one isom orph ism  ty p e  o f  n e a r - f i e l d s .
O th e rw is e ,  i f  and i f * ) '  = ( / * )a  a r e  g e n e r a to r s  o f  F* g i v in g  r i s e
t o  n e a r - f i e l d s  D and D , t h e n  D and D a r e  i s o m o rp h ic  i f  and o n ly  i f ,  
f o r  some a  ,
_ aa  = p mod n .
I f  a  E 1 mod n , t h e n  ( / * )  ’ i s  i n  F and f *  and ( f *)  1 g iv e  r i s e  t o
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the same near-field. So there are (j)(n) choices of 0 giving rise to 
distinct near-fields and g of these are isomorphic to D .
Now Theorems 5.5 and 5.6 give a fairly complete description of finite 
regular near-fields. However, the description is not complete in the sense 
that, for example, the description of finite fields is. There a finite 
field is completely determined, up to isomorphism, by one invariant - its 
order. It will now be shown that every finite regular near-field is 
determined, up to isomorphism, by two invariants - a finite Dickson triple 
and a polynomial of a certain type.
Keeping the same notation as before, g is the least positive integer
such that n divides rß - 1 . Thus if K is the splitting field forc n
Yl Qthe polynomial = x - 1 over GF(p) , then K^ has order py . Let
 ^ be a primitive n-th root of unity in K' . Then the minimal polynomial,
k , of £ has degree g . Furthermore, the g roots of h in are
distinct and are all primitive n-th roots of unity. If
2 a0 = aQ + a^ E, + a2i +... + {?,
then, since the mapping taking x to xr is an automorphism of K ,
since , 
primitive
0 = |a0 '+ a.l£ + +... + £■
vo 1
V  ,,*i ag-l
a 2 a g
a + a, E? + a [E? ) + ... + [E? ) s
a,, ..., an 1 are in GF(p) . Clearly, ^  is also
>-th root of unity and the g roots of the polynomial in. are
g-1
£, . .. , . It is well known that K contains c|)(w) primitive
n-th roots of unity. Thus the primitive n-th roots of unity of K' fall
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i n t o  p r e c i s e l y  $(n ) /g  c l a s s e s ,  g ro u p ed  a c c o r d in g  t o  t h e i r  m in im al 
p o ly n o m ia l s .
I t  w i l l  now be shown t h a t  each  isom orph ism  ty p e  o f  n e a r - f i e l d s  in  
DF(p, Z , n )  can be a s s o c i a t e d ,  in  a un iq u e  way, w i th  one o f  t h e s e  
p o ly n o m ia l s .
L e t  D* b e  t h e  complement o f  V in  TF* c o n ta i n in g  Y*/* , where 
f*  g e n e r a t e s  F* . Then
Let
d* = ( f * ) m
Then, f o r  f  in  F* , f *1 - d* i f  and o n ly  i f  f  i s  in  F . Thus,
s in c e  F’  ^ d e te rm in e s  D* , s o  does d* . M oreover i f ,  as b e f o r e ,  ( / * )  
g iv e s  r i s e  t o  t h e  n e a r - f i e l d  D and ( f * ) ' - ( f * ) a , th e n
(<**)' = [(/*)'r = (/*)a m  =  ( ^ ) ö
Thus D i s  i s o m o rp h ic  t o  D i f  and o n ly  i f  ( d * ) ’ - (d*)^ , f o r  some 
a  ; t h a t  i s ,  i f  and o n ly  i f  d* and id*) ' s a t i s f y  t h e  same m inim al 
p o ly n o m ia l  o v e r  t h e  p r im e  f i e l d  o f  F . T hus ,  f o r  a  g iv en  f i n i t e  D ickson 
t r i p l e  p ,  Z, n , e ach  o f  t h e  §(n) / g c l a s s e s  o f  n e a r - f i e l d s ,  o b t a i n e d
IsYlfrom a f i e l d  o f  o r d e r  p by t h e  method d e s c r i b e d  in  t h i s  s e c t i o n ,  can 
be a s s o c i a t e d  i n  a  u n iq u e  way w i th  a p o ly n o m ia l .  S in ce  e v e ry  n e a r - f i e l d  
in  DF(p, Z, n)  i s  i s o m o rp h ic  t o  one o f  t h e s e  n e a r - f i e l d s ,  t h e  f o l l o w in g  
r e s u l t  h a s  been  p ro v e d .
t
5 . 8  THEOREM. Every f i n i t e  regu lar  n e a r - f ie ld  i s  completely  
determined3 up to  isomorphism, by a f i n i t e  Dickson t r i p l e  p ,  Z, n and a 
monic ir re d u c ib le  polynomial h o f  degree g over  GF(p) where g i s  
the order o f  p modulo n . □
The f i n i t e  D ickson  t r i p l e  p ,  Z, n and t h e  p o ly n o m ia l  h w i l l  be
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c a l l e d  th e  in v a r ia n ts  o f  t h e  n e a r - f i e l d .
Note t h a t  in  Theorem 5 .6  and t h e  p r o o f  o f  Theorem 5 .8  t h e  i n t e g e r  l  
p la y s  no p a r t .  Only t h e  d im ens ion  o f  t h e  n e a r - f i e l d ,  c o n s id e r e d  as  a  v e c t o r  
sp a ce  o v e r  i t s  c e n t r e ,  and th e  p rim e p a r e  in v o lv e d .  S i m i l a r  
o b s e r v a t i o n s  w i l l  be made l a t e r  f o r  l o c a l l y  f i n i t e  n e a r - f i e l d s .
To com ple te  t h i s  s e c t i o n ,  t h e  f o l l o w i n g  r e s u l t ,  fo re shadow ed  in  
s e c t i o n  3 ,  w i l l  be  p ro v e d .
5 . 9  THEOREM. No f i n i t e  ir re g u la r  n e a r - f ie ld  i s  weakly regu lar.
P r o o f .  The p r o o f  i s  o b t a i n e d  by showing t h a t ,  i f  p i s  n o t  3 and
2
D i s  a f i e l d  o r  r e g u l a r  n e a r - f i e l d  o f  o r d e r  p w i th  au tom orph ism  group 
Aut D , t h e n  e v e ry  complement o f  Aut D i n  t h e  s p l i t  e x t e n s i o n  o f  D* by 
Aut D g iv e s  r i s e  t o  a  f i e l d  o r  r e g u l a r  n e a r - f i e l d .
I f  D i s  a f i e l d ,  t h e r e  i s  n o t h in g  t o  p ro v e .  So l e t  D be a r e g u l a r  
n e a r - f i e l d .  Then D* i s  i t s e l f  a  complement o f  Aut F i n  t h e  s p l i t
2
e x t e n s i o n  o f  F* by Aut F , w here  F i s  a f i e l d  o f  o r d e r  p . S in c e  p
i s  n o t  3 and 2 d i v i d e s  p -  1 , Aut D i s  c y c l i c  o f  o r d e r  2 . In
f a c t ,
Aut D = Aut F = { l ,  y : x ■+ oP} .
L et f  be a g e n e r a t o r o f F* such  t h a t Yf  i s  in D* . S ince
U = D* n F* h as  in d e x 2 in F* and f g e n e r a te s F* , i t  f o l l o w s  t h a t
U = < / 2 > • Thus ^ : 1 i s  in  D* f o r  a l l  i . S i m i l a r l y ,  f o r  a l l
I  ,
y f - l f 1 = y- 1 / Y 1 = Y / +2i
i s  in  D* .
L e t  H* be  a  complement o f  Aut D in  Aut D*D* . I f  y ( y / )  i s  in
Hy ( y/ ) ] 2 = y2 ( y/ ) y ( y/ )  = A 2/
= /  = 1(1- / )
H* , th e n
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is in H* . Thus
is also in H* for all i . Moreover,
[y( y/) ] [i = ri(y/)1,(i,/ t)
= y (yfL+2t') •
Thus, for all x in F* , if y^ a; is in D* , then y^(y^r] is in •
’ 2But y = 1 and so H* is isomorphic to F* and H is a field.
Now let l(yf) be in H* . If 1 ( l i s  in H* , then for all
i , 1 ( l a n d  1 ( y i s  in H* . Thus H* is isomorphic to D*
and H is regular. So let y ( l b e  in H* . Then
[1(Y/)]3 = [l(Yf)][l(Y/)1(Y/)]
= [l(Y/)][l(Y2/Yf)]
= 1(Y /)1 (l-/+1)
= i (y/ +2) .
since p + 2 is odd, and 1 (y/^+ j is in H * . But
[i(y/)][y (i -/)] = i-y (y/)y U/2)
= Y W
= y{yf+2)
is also in H* , which is a contradiction.
Thus every complement of Aut D in Aut D*D* gives rise to a field 
or regular near-field as required. □
6. Sub-near-fields
Since every near-field of characteristic p has prime field isomorphic
2to GF(p) , it follows that every near-field of order p has precisely one 
proper sub-near-field, namely the prime field. In particular, this is true
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for the finite irregular near-fields. These will be of no further interest 
here and, throughout this section, near-field will always mean finite 
regular near-field.
An obvious question to ask about regular near-fields is whether their 
sub-near-field structure corresponds to the sub-field structure of the 
associated field. It will be shown here that for finite near-fields this 
is so. That is, if D is a near-field in DF(p, l, n) , then for each A
dividing ln , D has precisely one sub-near-field of order p^ . Moreover, 
if k is the monic irreducible polynomial associated with D , then the 
invariants p, l', X/l' and k1 corresponding to the sub-near-field will 
be determined.
Theorem 6.5 and its Corollary 6.6 and Theorem 6.8 appear in the 
author’s papers [16] and [15] respectively.
The notation of section 5 will be retained for this section. Before 
proceeding to consider sub-near-fields, some number theoretic results will 
be obtained.
6.1 LEMMA. Let p, l, n be a finite Dickson triple and let q - pl
If
a , 2_li <7-1 - y mod n
then (y, n) - (a, n) .
Proof. Let (y, n) - £ and (a, n) = n • The clearly
a
I— —  E 0 mod £ .<7-1
Now since q, n satisfy the assumptions of Lemma 5.3, so do q, £ and 
q, T| . Thus it follows from Lemma 5.3 that £ divides a . But £ 
divides n and so E, divides n •
Again, by Lemma 5.3, since q divides a it follows that
a _ ,
2— —  e 0 mod q . q-1
Thus q divides y . But q divides n and so q divides 6 • Hence
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Z = n . □
6 . 2  LEMMA.  Let  p ,  l ,  n be a f i n i t e  Dickson t r i p l e  and l e t  q 
I f  t  d i v ides  n , then
n ,q - 1  _  n  ,--7—  = t  mod n .t  . t  q -1
P ro o f .  L e t  n / t  = s -  s s „  . . .  s , where s .  i s  p r im e f o r1 2  I* &
i  -  1 ,  2 ,  . . . ,  r  . The p r o o f  i s  o b t a i n e d  by i n d u c t i o n  on r  .
L e t r  = 1 . Then n / t  - s  i s  p r im e .  Again q ,  t  s a t i s f y  t h e  
r e q u i r e m e n ts  f o r  Lemma 5 .3  and so
t _ ,
— E 0 mod t  .
q - 1
But s  i s  a  p rim e d i v i s o r  o f  n and p ,  Z, n i s  a  Dickson t r i p l e ,  
s d i v i d e s  q -  1 an d ,  s i n c e  n -  s t  , i t  f o l lo w s  t h a t  q '  E 1 mod n 
But
qn - l  qS^ - l  t ( s - l )  t ( s - 2)
V t = t — = *  + «  + • • •  + 1 •
<7- 1  <7- 1
n - lThus ~ —  = s  mod n , a s  r e q u i r e d .
q -1
L e t r* be g r e a t e r  th a n  1 . Then n - s t  - s ^ s ' t  , w here  s ^
p r im e .  By th e  a b o v e ,
s s ' t
q _ - l
s ’t  n 
q - 1
s
1 mod n .
F u r th e rm o re ,  s i n c e  p ,  Z, s ' t  i s  a l s o  a D ickson t r i p l e ,
S , t - 1
-L— r------ E s ' mod s  ' t
q - 1
by th e  i n d u c t i v e  h y p o t h e s i s  and t h e  r e s u l t  f o l l o w s .  □
The n e x t  two lemmas a r e  i n c lu d e d  f o r  c o n v e n ie n c e . T h e i r  p r o o f s  
o n ly  r o u t i n e  c a l c u l a t i o n s  and a r e  o m i t t e d .
Z
= P •
Thus
i s
r e q u i r e
6 . 3  LEMMA.  I f  ( b , c) - (d ,  c) 3 then  ( a b , c) (ad,  c) . □
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6 .4  LEMMA. I f  a t  0 and  ( i  , oa) -  ( d ,  oa ) 3 then
(b , o) = ( d ,  o)  . □
6 .5  THEOREM. L e t  D be a f i n i t e  r e g u la r  n ea r* - f ie ld  i n  DF(p, l , n)
and l e t  A d iv id e  ln  . TTien D has a s u b - n e a r - f i e l d  H o f  o r d e r  p^  . 
Moreoverj H i s  r e g u la r  and be longs  to  th e  c la s s  DF( p ,  l ' ,  A /Z ')  where 
l ' i s  d e f in e d  by
I  = (p^n - l )  /  ( p ^ - l )  and  i f = ( i T , A) .
P ro o f .  S in ce  A d i v id e s  Zw , t h e  f i e l d  F a s s o c i a t e d  w i th  L has  a
un ique  s u b - f i e l d  J  o f  o r d e r  p . L e t
H* - i y f  : y f  £ D* and f  6 J*} .
I f  h ,  h ’ a r e  in  H* , t h e n
h h ’ = y f y ’f ’ = € D*
y 'a nd , s i n c e  J * i s  c h a r a c t e r i s t i c  i n  F* , i t  f o l lo w s  t h a t  f  , and so
a l s o  f *  f '  , a re  in  J* . Thus h h '  i s  i n  HA an d ,  s i n c e  D* i s  f i n i t e ,  
H* i s  a subg roup  o f  D* .
A ls o ,  i t  f o l lo w s  from  th e  d e f i n i t i o n  o f  a d d i t i o n  on D ( s e e  s e c t i o n  3) 
and th e  f a c t  t h a t  J  i s  a s u b - f i e l d  o f  F , t h a t  u n d e r  a d d i t i o n  
H - H* u 0 i s  a su b g roup  o f  D . Thus H i s  a s u b - n e a r - f i e l d  o f  D .
L e t  p be t h e  mapping from  T o n to  Aut J  t a k i n g  y  t o  y p , where
Y i s  t h e  r e s t r i c t i o n  o f  y  t o  J  . L e t  A = Aut J  and l e t  V be  t h e  
P
s p l i t  e x t e n s i o n  o f  J* by A . Then
M* = {y pf  : y f  y H*}
i s  a su b g roup  o f  V i so m o rp h ic  t o  H* . Now
V = = { 6 /  : 6 € A, /  € J*} {(fiy"1) [y pf ) c z  .
But AM* i s  c o n ta in e d  in  V . So
hM* - kJ* - V .
A ls o ,  i f  y *1 i s  i n  M* , t h e n  y  1 i s  i n  H* . But H* i s  a  su b g roup
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of D* and T n D* = 1 . Thus A n M* = 1 and M* is a complement of A 
in V . Thus M = M* u 0 forms a regular near-field under multiplication 
and the addition defined in section 3. Furthermore, the mapping from II 
onto M taking yf to y^f and 0 to 0 is clearly an isomorphism of 
both the additive and multiplicative groups. So H and M  are isomorphic 
near-fields. Thus H is a regular near-field and belongs to 
DF(p, Zf, A/Zf) for some Zf .
Now l' can be determined by considering M* . Firstly, note that
Z'ß
for y f in M* P
Let 6* be the <
I = \pln-i)/(pk
then j = (
there is an a :
Then is
and [(Y‘)a]p t
is (6*)^ and
a ,
I -1 =
q-1 = I mod n .
 (y*)QLj  in D* and hence in H* . But (Y*)a takes x to aF
vz
lo.
some 3 . That is, [(Y*) ]
Lemma 6.1 and the fact that j generates J* that (ß, n') - 1 .
Moreover, since (y*) and (6*)p act as the same automorphism on J ,
la E Z'ß mod A .
But A = l 'n' and so
V = (Za, A) .
Let Z = (Z, A) and A = In . If Z = si , then (s, n) - 1 and n 
divides n , since A divides In . Thus
Zf = Z(sa, n) .
By Lemma 6.1, (a, n) = (J, n) . Thus, since n divides n , by Lemma 6.4, 
(a, n) = (J, n). So, by Lemma 6.3, (sa, n) = (si, n) . Thus
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V  - U s l 9 n ) = ( Z s J ,  In)
= i l l , X) . □
6 . 6  COROLLARY. With the no ta tion  o f  Theorem 6 .5 ,  i f  X = I t  fo r  
some in te g e r  t  ,  then H contains the centre o f  D and V  = l { n / t , t )  . 
P r o o f .  As shown i n  s e c t i o n  5 ,  t h e  c e n t r e  Z o f  D i s  t h e  s u b f i e l d  o f  
lF o f  o r d e r  p . Thus i f  X = I t  , i t  f o l lo w s  from  th e  s u b f i e l d  s t r u c t u r e  
o f  F t h a t  J c o n ta i n s  Z . S i n c e ,  f o r  a l l  z i n  Z* , 1 %z i s  in  D* , 
H a l s o  c o n ta i n s  Z .
T h en , by Lemma 6 . 2 ,
I  E n / t  m o d  n
and
l 1 -  ( Z  n / t 9 I t )  - l ( n / t ,  t )  . Q
I t  w i l l  now be  shown t h a t  t h e  s u b - n e a r - f i e l d s  o b t a i n e d  in  Theorem 6 .5  
a re  t h e  o n ly  s u b - n e a r - f i e l d s  o f  a  f i n i t e  r e g u l a r  n e a r - f i e l d .  The p r o o f  
depends on a number t h e o r e t i c  r e s u l t  w h ic h ,  f o r  t h e  s a k e  o f  c o m p le te n e s s ,  
w i l l  be p ro v ed  h e r e .  However, s i n c e  t h e  p u b l i c a t i o n  o f  [ 1 5 ] ,  t h e  a u th o r  
has  found  t h a t  t h i s  i s  a consequence  o f  an a p p a r e n t l y  w e l l  known r e s u l t  o f  
B i r k h o f f  and V an d iv e r  [ 9 ] .
6 . 7  LEMMA.  Let g ,  h be p o s i t i v e  in te g e r s 3 h ± 1  . I f  every prime-
d iv i s o r  o f  p ^ 1 -  1  a lso  d iv id e s  p^ -  1 , then p i s  a Mersenne prime , 
g - 1  and h = 2 .
P ro o f .  I t  can r e a d i l y  be s e e n  t h a t ,  f o r  a l l  k > 2 , t h e r e  e x i s t s  
f  > 1 , such  t h a t
p9k .  1 = ( p ? - l ) [ / ( p S ' - i ) +q  . (* )
L e t  s be  a  p r im e  d i v i s o r  o f  h and l e t
W = [ p ^ S - l )  /  { p ^ - i )  .
I f  r  i s  a p r im e d i v i s o r  o f  w , t h e n  r  d i v id e s  p^S -  
d i v id e s  p ^ 1 - 1 . T h u s ,  by a s s u m p t io n ,  r  d i v id e s  p^
1 and hen ce  r  
- 1 . Bu i ,  f o r
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some f ,
W = f{p9-1) + s
Hence r divides s and, consequently, r equals s . Thus W
with u > 1 , since both f and g are non-zero.
If s is an odd prime, then
u , q q(s-l)s = W - 1 + py + ... t py
= s
s-1 n
= (p^ -l) s'fc^-l) + I i
i-1 J
+ s , by (*),
= (p^ -l) [s ' (p^-l)+s(s-l)/2] t s .
But s divides p^ - 1 and so
K - , 2s = s mod s
contradicting u > 1 . Hence
s = 2 and u = + 1 .
Since w > 1 , it follows that
p^ = 3 mod 4 .
Hence p, g are odd. But then
2U = p^ t 1 = (p+1) [p& 1-p^ 2 + ... - p+l)
implies g = 1 and p is a Mersenne prime. Now 2 is the only prime
V 4divisor of h , so h - 2 . If U > 1 , then v divides p - 1 would
h.imply that v divides p - 1 . But
(p4-l)/(p-l) = (p2tl)(p+l)
= (22W-2W+1+2)2W 
= 2U+1[2W(2^'1-l)+l] ,
so p4 - 1 would have an odd prime divisor dividing both [_2U[2U ^-l)+l]
and p - 1 = 2(2W -^l) , which is clearly impossible. Thus v = 1 and 
h  = 2 . □
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6 .8  THEOREM. For each  X d iv id in g  In 3 a r e g u la r  n e a .r - f ie ld  o f
ln  Xo rd er  p c o n ta in s  a t  m ost one s u b - n e a r - f ie ld  o f  o rd er  p
P r o o f .  L e t  D be  i n  DF(p, 1 ,  n )  . I t  was shown in  s e c t i o n  5 t h a t
D* h a s  t h e  f o l l o w in g  p r e s e n t a t i o n
D* = ( a ,  b ; a 1 - 1 ,  bn = cl' , b 1ab - eft)
where q -  p '  , m -  [qn - l ) / n  and t  = m / ( q - l )  .
L e t  A d e n o te  t h e  subg roup  o f  D* g e n e r a te d  by a and Z* t h e  
c e n t r e  o f  D* . Then Z* i s  t h e  ( u n iq u e )  subg roup  o f  A o f  o r d e r  q -  1 .
ß
Now l e t  r  d i v id e  q -  1 w here r  i s  a p r im e .  S in ce  Z* i s
no rm al i n  D* , t h e  Sylow r - s u b g ro u p ,  R , o f  Z* i s  c o n ta in e d  in  e v e ry  
Sylow r - s u b g r o u p ,  T , o f  D* . By Theorem 4 .7  ( H i )  , T i s  e i t h e r  c y c l i c  
o r  g e n e r a l i s e d  q u a t e r n i o n .  I f  T i s  c y c l i c ,  th e n  D* c o n ta i n s  a un ique
ß
subgroup  o f  o r d e r  r  I f  T i s  g e n e r a l i s e d  q u a t e r n i o n ,  th e n  r  i s  2 
and i t  was shown in  s e c t i o n  5 t h a t
q = 3 mod 4 and n = 2 mod 4 .
ß
Thus r  i s  a l s o  2 and R i s  t h e  un iq u e  subgroup  o f  D* o f  o r d e r  2 .
L e t  N be  a s u b - n e a r - f i e l d  o f  D , o f  o r d e r  p ^ . L e t  7 = ( 7 ,  X)
-  . Tand l e t  Z be th e  ( u n iq u e )  su b g roup  o f  Z* o f  o r d e r  p -  1 . S in c e
f 7 X T(p - 1 ,  p  -1J = p -  1 ,
— si t  f o l lo w s  t h a t  N* n Z* i s  a  su b g roup  o f  Z . F u r th e r m o r e ,  i f  r
T  s  X
d i v id e s  p -  1 , f o r  some p rim e r  , th e n  r  d i v id e s  p -  1 and so  N*
ß __
h a s  a u n iq u e  subgroup  R o f  o r d e r  r  . Hence R i s  a subgroup  o f  Zs s
and so
IN* n Z*| = |Z] = p l  -  1 
and /V1* n Z* i s  Z . Hence
p ^  -  1 = ( p ^ - l ) t ' t t "  ,
•p
where n 4 1 = (p -1  and ft" d i v i d e s  ft .
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Let M also be a sub-near-field of D , of order p . Without loss 
of generality, it may be assumed that \M* n A | > \N* n A\ . But it was 
shown in section 5 that (ft, t) < 2 . Thus
\M* n A\ = i\N* n A\ where i - 1 or 2 .
Since A is cyclic, N* n A is a subgroup of M* n A . Thus
N* n A < N* n M* < N* .
Hence N* n M* has order (p^-l)/y , where y divides n ” and hence 
also n .
But N n M is a sub-near-field of D . Thus, for some V ,
(p*-l)/y = pV - 1 .
Furthermore, since N n M is a sub-near-field of M , v divides A .
Let V be a prime divisor of p - 1 = p (pv-i) • If v divides
then v divides n . Thus, since p, Z, n is a finite Dickson triple
divides l . Tp - 1 . But then V divides p - 1 and so also pV - 1 .
Thus every prime divisor of p - 1 divides pV - 1 .
Thus, by Lemma 6.7, either A = V and N and M are the same sub-
Vinear-field, or p is a Mersenne prime, A = 2 and v = l .  If p = 2 -1
with u > 1 , then p E 3 mod 4 . Moreover,
1 = Z = (1, A)
and so Z is odd and q E 3 mod 4 . Since A divides In , it follows
that n is even. But 4 does not divide q - 1 and so n = 2 mod 4 .
But
p^ - 1 = p2 - 1 = (p-l)(p+l)
= (p-l)2U .
Thus
n 4 1 > (p-l)2W_1 .
But N* n M* has order p - 1 and contains N* n A , thus contradicting 
the claim that u is greater than 1 . Thus N and M are the same
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s u b - n e a r - f i e l d .  □
S in c e  [1 5 ]  was p u b l i s h e d ,  a  g e n e r a l i s a t i o n  o f  t h e  above r e s u l t  h as  
a p p e a re d  in  ( 4 .1 5 )  o f  W ahling [ 6 3 ] .  Among o t h e r  r e s u l t s ,  W ähling  shows 
t h a t ,  f o r  any r e g u l a r  n e a r - f i e l d  o b t a i n e d  from  a com m utative  f i e l d ,  t h e r e  
i s  o n ly  one f i n i t e  s u b - n e a r - f i e I d  f o r  each  p o s s i b l e  o r d e r  -  c o r r e s p o n d in g  
t o  t h e  s u b - f i e l d  o f  t h e  same o r d e r  -  e x c e p t  t h a t ,  p o s s i b l y ,  t h e r e  may be
2
more s u b - n e a r - f i e l d s  o f  o r d e r  p when p i s  a  Mersenne p r im e .  I t  i s  
i n t e r e s t i n g  t o  n o te  t h a t ,  w h i l e  h i s  p r o o f s  a r e  q u i t e  d i f f e r e n t  from  th e  
one g iv e n  a b o v e ,  Lemma 6 .7  i s  a l s o  u se d  t h e r e .
In  o r d e r  t o  c o m p le te ly  s p e c i f y  t h e  s u b - n e a r - f i e l d s  o f  a  r e g u l a r  n e a r ­
f i e l d ,  i t  o n ly  rem a in s  t o  f i n d  th e  c o n n e c t io n  be tw een  th e  p o ly n o m ia ls  
a s s o c i a t e d  w i th  t h e  r e s p e c t i v e  n e a r - f i e l d s .
6 . 9  THEOREM. L e t D have in v a r ia n ts  p ,  Z, n and k and l e t  H 
be the sub -n e a r -  f i e l d  o f  D w ith  in v a r ia n ts  p ,  Z f , n ' and k ’ . I f  E,
i s  a ro o t o f  k in  GF [p ) 3 then k r i s  the minimal 'polynom ial o f
Eon/ n 3 where 0 < a < n ' and o i s  th e  unique such in te g e r  f o r  which 
the equ a tion s
and
p l6 - i  - r j ------  -  -Lo mod n
p  - i
Zß E 1 1 mod l 'n 1
have a s o lu tio n  f o r  ß .
P r o o f .  The n o t a t i o n  o f  Theorem 6 .5  i s  u se d  h e r e  w i th  n '  e q u a l  t o
\/V .
I t  f o l lo w s  from  t h e  p r o o f  o f  Theorem 5 .8  t h a t ,  i f  y *f*  i s  i n  D* ,
th e n  t h e  m in im al p o ly n o m ia l  o f  d* = o v e r  GF(p) i s  k . The
i n v a r i a n t s  o f  H a r e  t h o s e  o f  M . T h u s ,  i f  6* j*  i s  i n  M* , t h e n  k'
Hi1
i s  th e  m in im al p o ly n o m ia l  o f  ( d * ) ' -  ( j * )  o v e r  GF(p) , w here  
m '  = (p^ n - l )  / n ' .
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Now (y*) J* is in D* for some 3 and, as in the proof of Theorem
6.5, [(Y*)^]p is 6 * . Thus
Z3 = Zr mod Z'ft' .
Furthermore, j* = (r*)Ia for some a and so, since is in D* ,
1 = Io mod n .
V -i
Clearly the choice of j* is not unique and so 3 is not unique. 
But, if
Z3' = Z' mod Z rn r ,
then
Z(3 '-3) = 0 mod lrn' .
Thus, if Z = (Z, X) and n - X/Z , then ft divides 3f - 3 and so 
3f = 3 + kn for some k . If
Z3f_i
2— ----  E Io1 mod n ,
P ~ 1
then
Z3' -) Z3 n
----- ------  = J(af-a) mod n
P -1 P "I
and, since n divides n ,
Z3 r Z/cn_, \
^— *2-----L = j(af-a) mod n .
P -1
I _But p and n satisfy the assumptions of Lemma 5.3 and so
Zn_1 _
2^---  e 0 mod n
P -1
and n divides I{o'-0) . But
Z' = (ZJ, X) = Z(I, ft) = Zs'
and n - s'n’ . Hence n 1 divides a f - a . Thus there is only one 
solution for a in the range 0 < a < ft' .
. m r , „JNlorn'Now (d*)r = (j*)772 = (/*) a77? . But
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Iom ’ =
ln . X
t - P -1 . a . P -1
X
P -1
= ö
In ,p -1 n n• ----- • — r = Om — rn n n
and
(d*)' = (f*)amn/n' = (d*fn/n'
Thus, since the roots of k and k' are all of the form (d*)^  and
l(d*)rlp , respectively, the result follows. □
It would be convenient if, in the above theorem, O were always 1 
on /n 1or, failing that, if £ satisfied the same minimal polynomial as did
n /n r£ . The following example shows that this is not the case.
Let p, Z-, n be 3, 8, 164 and let X = lrn r = 328 . Then
-T E 4 mod 164
and so
If
then
l' - (8*4, 32 8) = 8 and n' - 41 .
83 = 8 mod 328 ,
3 = 1  mod 41
and, for some k with 0 < k < 4 ,
3 = 1 +  41k .
Now
That is,
8
38S-1—5--- = 40 mod 164 .
38-l
38(3 1) + 38(3 2) + ^  + 1 e 40 mod 164 .
But 3 = 1  mod 164 and so
3 = 1 +  41k = 40 mod 164 .
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Thus 4 d i v id e s  (3 and so  k i s  3 and O i s  31 .
R e c a l l  t h a t  th e  r o o t s  o f  t h e  m in im al p o ly n o m ia l  o f ^n / n ' a r e  a l l  o f
r Yl /  YL* \  T) at h e  form  [E, Now 3 i s  n e v e r  c o n g ru e n t  t o
31*4so  E, does n o t  s a t i s f y  t h e  m in im al p o ly n o m ia l  o f
(A lth o u g h  in  t h i s  c a s e ,  I  i s  c o n g ru e n t  t o  In/X 
i s  n o t  i n  g e n e r a l  t r u e .  Fo r  ex am p le ,  i f  p ,  Z ,  n i s  
30 , t h e n
31 modulo 41 and
c4 .
modulo n , t h i s  
2 ,  4 ,  45 and X i s
l n / X = 6 and I  -  15 mod 45 .
Thus t h e  e x p r e s s io n  f o r  Z f c a n n o t  be  s i m p l i f i e d  e i t h e r . )
7. Embeddings
One o b v io u s  q u e s t i o n  t o  c o n s i d e r  n e x t  i s  th e  f o l l o w i n g .  I n t o  how many 
isom orph ism  ty p e s  o f  n e a r - f i e l d s  i n  a  p a r t i c u l a r  c l a s s  can a g iv e n  n e a r ­
f i e l d  be  embedded? S i n c e ,  by th e  r e s u l t s  o f  t h e  p r e v io u s  s e c t i o n ,  e v e ry  
s u b - n e a r - f i e I d  o f  a  f i n i t e  r e g u l a r  n e a r - f i e l d  i s  r e g u l a r ,  i t  i s  c l e a r  t h a t  
th e  i r r e g u l a r  n e a r - f i e l d s  c a n n o t  be embedded i n t o  any o t h e r  f i n i t e  n e a r ­
f i e l d s .  Fo r  th e  r e m a in d e r  o f  t h i s  s e c t i o n ,  a l l  n e a r - f i e l d s  w i l l  be  r e g u l a r  
and f i n i t e .
In  s e c t i o n  6 i t  was shown t h a t ,  g iv e n  two n e a r - f i e l d s ,  t h e i r  i n v a r i a n t s  
can be u sed  t o  d e te rm in e  w h e th e r  one can be embedded i n t o  t h e  o t h e r .  In  
s e c t i o n  8 a s t r o n g e r  r e s u l t  t h a n  t h i s  w i l l  be  n ee d ed .  Given two n e a r - f i e l d s  
one embeddable  in  t h e  o t h e r ,  i t  w i l l  b e  shown in  Theorem 7 .2  t h a t  t h e r e  i s  
an embedding w h ic h ,  i n  a  c e r t a i n  s e n s e ,  i s  c o m p a t ib le  w i th  t h e  c o n s t r u c t i o n s  
used  to  o b t a i n  t h e  n e a r - f i e l d s .
T hroughou t  t h i s  s e c t i o n ,  cf> w i l l  d e n o te  t h e  E u l e r  f u n c t i o n ;  p ,  Z ,  n 
and p ,  Z ' ,  n'  w i l l  d e n o te  f i n i t e  D ickson  t r i p l e s  such  t h a t  a  n e a r - f i e l d  in  
DF(p, Z ,  n)  c o n ta i n s  a  s u b - n e a r - f i e I d  i n  DF(p, Z f ,  n r ) and p ,  g'  w i l l  
d eno te  th e  o r d e r s  o f  p modulo n ,  n'  r e s p e c t i v e l y .
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7.1 THEOREM. Up to isomorphism3 there are $(n)g r/<J>0r )g near-fields 
in DF(p, 7, n) containing a sub-near-field isomorphic to any given near­
field in DF(p, l\ n') .
Proof. Let F be a field of order p and y* the automorphism in
l
T = Aut F taking x to aP Let a) be a generator of F* and let 
°if* - a) , for i - 1, . .., (j)(n) , also be generators such that
Is
O . = O . mod n if and only if i = j . 7" #7
It follows from section 5 that each choice y*f* gives rise to a distinct
1Is
complement D*. of T in TF* and so the determine the (p(n) near-
'l' 'Is
fields Zf. . If J is the sub-field of F of order pl ’n and
I = [p n-l) / (p n -l) , then each {f*')^  generates J* . Moreover, for
10
some (fixed) 3 5 = (y*)^0) ^ is in Df . Let be the
l rnsub-near-field of D. of order p . Then H. and H. are isomorphic^ r % J
precisely when
C£a . = p a . mod n 1 (*)T' J
for some a .
Now it is easy to check that the <j)(n) integers ck fall into $(nr)
congruence classes modulo n r and so, for fixed i , there are §(n)/<j)(nr) 
integers a . such that
O . = O . mod n 1 .^ J
Moreover, since p has order g' modulo n ’ and p does not divide n ,
there are exactly g f(j)(n)/(})(n') integers cf. satisfying (*). Thus there
are g'§(n)/$(n') near-fields P. containing sub-near-fields isomorphic
C
to H. . But certainly if D, is isomorphic to D. then H. is ^ o t C
isomorphic to ZP. and so, since there are g near-fields isomorphic to
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, t h e r e  a r e  p r e c i s e l y  ^ n ) g f /  ^ >{n ’)g isom orph ism  ty p e s  w i th  s u b - n e a r ­
f i e l d s  i s o m o rp h ic  t o  . □
7 . 2  THEOREM. Let  F ,  «7 F e  f i n i t e  f i e ld s  w ith  automorphism groups 
T, A r e s p e c tiv e ly  and l e t  J be a s u b - f ie ld  o f  F . I f  M i s  a regu lar  
n e a r - f ie ld  ob ta in ed  from the complement M* o f  A in  A J* and G i s  a
regu lar n e a r - f ie ld , o f  the same order as F , con tain ing a su b -n e a r -f ie ld  
isom orphic to  M then TF* contains a complement D* o f  T such th a t
D i s  isom orphic to  G and, fo r  j  in  J* , y j  being in  D* and 5j
in  M* im p lies  th a t the r e s t r ic t io n  o f  y to  J i s  6 .
P r o o f .  L e t  M, G be  in  DF(p, Z f , n ')  , DF( p ,  Z, n) r e s p e c t i v e l y .
The n o t a t i o n  d e v e lo p e d  in  t h e  p r o o f  o f  Theorem 7 .1  w i l l  be  u sed  a g a in  h e r e .
A ls o ,  l e t  6* be t h e  au tom orph ism  i n  A t a k i n g  x  t o  zP
I f  j *  i s  a g e n e r a t o r  o f  <7* such  t h a t  i s  i n , t h e n ,  to
p rove  th e  r e s u l t ,  i t  i s  enough t o  f i n d  a D i so m o rp h ic  t o  G such  t h a t ,
i f  y j*  i s  i n  D* , t h e n  y  r e s t r i c t e d  t o  J i s  6* .
Let
some
y . j *  be  i n  D*. . Then y .  r e s t r i c t e d  t o  J a  x x
r e l a t i v e l y  p r im e  t o  n'  . M oreover,
i s (<5 *) f o r
T h u s , f o r  f i x e d
ß • = 3 .  i f  and o n ly  i f  o . = 0 . mod n 1 .
^ J  ^ J
(3. , t h e r e  a r e  p r e c i s e l y  (j)(n)/cj)(n' ) c h o ic e s  o f  o .
7- J
such
t h a t  ß^  = ßj . L e t  R b e  t h e  s e t  o f  n e a r - f i e l d s  Zb. such  t h a t  ß^. is
e q u a l  t o  1 t h i s  e x i s t s  s i n c e  t h e r e  a r e  c h o ic e s  f o r  ß^ . -  and
l e t  R be  t h e  c o r r e s p o n d in g  s e t  o f  ch. .
L e t  D. and D.  be  i s o m o rp h ic  n e a r - f i e l d s  i n  R . Then x 0
= P a  a  • mod n ,
f o r  some a  . T hus , s i n c e  n f d i v i d e s  n ,
a . = p a  . mod n .
^ r  .7
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But t h e n ,  s i n c e  cm., 0 . 
J
a r e  r e l a t i v e l y  p rim e t o  n 1 ,
p a  = 1 mod n 1
and so  g 1 d i v id e s a  .
C o n v e r s e ly ,  i f a  . 
0
i s  i n  R anda
-  q ' a 'O. =. a  . mod n  ,v ^  J  5
th e n
and ZK, ZK
Thus, i f  
i s o m o rp h ic  t o
a . = o . mod n 1 
i  «7
a r e  i so m o rp h ic  n e a r - f i e l d s  i n  R .
D . i s  i n  i? , t h e r e  a r e  p r e c i s e l y
C
D . and h en ce  R c o n ta i n s  e x a c t l y
g i g 1 n e a r - f i e l d s  i n  R 
$ ( n ) g r/ ( p i n 1 )g  isom orph ism
ty p e s  o f  n e a r - f i e l d s .  B u t ,  by  Theorem 7 . 1 ,  t h i s  i s  p r e c i s e l y  t h e  number o f  
isom orph ism  ty p e s  c o n t a i n i n g  s u b - n e a r - f i e l d s  i so m o rp h ic  t o  M . Thus R 
c o n ta i n s  g i g 1 n e a r - f i e l d s  i so m o rp h ic  t o  G and each  o f  t h e s e  s a t i s f y  th e  
r e q u i r e m e n ts  f o r  D i n  t h e  s t a t e m e n t  o f  t h e  th eo re m . □
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CHAPTER THREE
LOCALLY FINITE NEAR-FIELDS
After finite near-fields, it is natural to consider locally finite
ones.
Although locally finite is not a term usually applied to fields, it is
easy to check that locally finite fields are commutative and are precisely
the absolutely algebraic fields^ These are well known (see, for example,
[29], p. 147). Every absolutely algebraic field is completely determined
by a prime p - its characteristic - and a Steinitz number N - its
kidegree. (A Steinitz number is a formal product II p^ over all primes p :
where k^ is a non-negative integer or 00 .)
As in chapter two, known results for fields are extended to near­
fields. The results of this chapter also extend, in a natural way, the 
results for finite near-fields. By the results of the previous chapter, no 
finite near-field contains an irregular near-field as a proper sub-near- 
field. Thus the finite irregular near-fields cannot occur as proper sub- 
near-fields of locally finite near-fields. Therefore they are of no 
interest here and, throughout this chapter, near-field will always mean 
near-field not isomorphic to one of the seven finite irregular near-fields.
In section 8 it will be shown that all (infinite) locally finite near­
fields are regular.
A locally finite near-field F has associated with it three numbers - 
a prime p (its characteristic) and two Steinitz numbers L(F) , / 1 7 ( F )
which will be defined in section 9. It will be shown there that 
p, L(F), N(F) satisfy certain conditions. Triples satisfying those 
conditions will be called Dickson triples and include, in particular, the 
finite Dickson triples of chapter two. Conversely, it will be shown that 
for every Dickson triple p, F, N there is at least one locally finite, 
near-field F of characteristic p with L(F) , /17(F) equal to L , N
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r e s p e c t i v e l y .  The c l a s s  o f  a l l  such  n e a r - f i e l d s  w i l l  be d e n o te d  by 
1)1 ( p ,  L , N) . To end t h i s  s e c t i o n ,  t h e  isom orph ism  ty p e s  i n  each  c l a s s  a re  
i d e n t i f i e d  by a ( p o s s i b l y  f i n i t e )  se q u en c e  o f  p o ly n o m ia ls  and t h e  c a r d i n a l i t y  
o f  t h e  c l a s s  i s  d e te r m in e d .
In  s e c t i o n  1 0 ,  t h e  au tom orph ism  group  o f  a l o c a l l y  f i n i t e  n e a r - f i e l d  i s  
d e te rm in e d .
8. Regularity of locally finite near-fields
In  t h i s  and t h e  f o l l o w i n g  two s e c t i o n s ,  t h e  d i r e c t  l i m i t  and i n v e r s e  
l i m i t  c o n s t r u c t i o n s  w i l l  be  n e e d e d .  The d e f i n i t i o n s  and n o t a t i o n  u se d  h e re  
w i l l  be  t a k e n  from C h a p te r  I I  o f  [ 2 4 ] .  Here Z+ w i l l  be u se d  t o  d e n o te  
t h e  p o s i t i v e  i n t e g e r s .
k .  I .
s) 0 s i
A S t e i n i t z  number II p^ d iv id e s  t h e  S t e i n i t z  number II
k^ 5 l^  f o r  a l l  i  . Every  p a i r  Af, N o f  S t e i n i t z  numbers h a s  a g re a te s t
common d iv is o r  d e n o te d  (M, N) . Every  s e t  M o f  S t e i n i t z  num bers has  a 
le a s t  common m u ltip le  d e n o te d  l.c.m.{JVi} . The c o n v e n t io n  w i l l  be  ad o p te d  
h e re  o f  r e g a r d i n g  n a t u r a l  numbers as  ( f i n i t e )  S t e i n i t z  numbers and u s in g  a 
low er  c a se  l e t t e r  f o r  a f i n i t e  S t e i n i t z  number.
8.1 LEMMA. Every lo c a lly  f i n i t e  n e a r - f ie ld  i s  the  union o f  a 
countable chain o f  i t s  f i n i t e  s u b -n e a r - f ie ld s .
P r o o f .  L e t  F be a  l o c a l l y  f i n i t e  n e a r - f i e l d  o f  c h a r a c t e r i s t i c  p .
I t  f o l lo w s  from Theorem 6 .8  t h a t  F h a s  a t  most one s u b - n e a r - f i e l d  o f  o r d e r
p^ f o r  any i n t e g e r  A . L e t
T -  {A^, A^  s • • • 5 A^, • • •}
be t h e  s e t  o f  i n t e g e r s  o c c u r r i n g  as e x p o n e n ts  o f  p in  t h e  o r d e r s  o f  f i n i t e  
s u b - n e a r - f i e l d s  o f  F , n a t u r a l l y  o r d e r e d  so  t h a t  A^  < A . i f  i  < j  . L e t
A i
F. be  th e  s u b - n e a r - f i e l d  o f  F w i th  o r d e r  p . L e t  Hn be  F, a n d ,^ 1 1
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for i > 1 , let H\ be the near-field generated by H\  ^ and . The
chain of sub-near-fieIds
H. ciH.cz ... a H. c ...i — 2 — — t -
is countable and, since every element of F is contained in some and
hence in some AF , it follows that F is the union of the H  ^ . □
8.2 THEOREM. Every (infinite) locally finite near-field is regular.
Proof. Let H be an infinite locally finite near-field. Then, by
Lemma 8.1, H is the union of a countable chain
F c H c ... cz H. <= ...1 — 2 — —  ^—
A i
of its finite sub-near-fields. Let H  ^ have order p and let 
A = 1. c. m. { A^  } .
Let F be an absolutely algebraic field with characteristic p and 
degree A . Then, for each i , F has a unique sub-field F. of order
A i
p . Moreover, F is the union of the chain
F c F cr ... a F. c ... .1 —  2 —  —  ^  —
Let IF be the automorphism group of F^  . Then IF is generated by 
: x -+ oP . For i < J , let be the mapping from T . to IF
taking y^. to y^. . (Note that is the mapping taking any y . in IF
to the restriction of y. to F. .)J ^
Let SF be the split extension of Fi by IF . Without los^  of 
generality, one may assume that H£ is a complement of in 5^ . Lv_ l
M be H . It follows from Theorem 7.2 that, for i greater than 1
and AF  ^ given, a complement Mi of IF in 5F can be chosen in such u
way that AF is isomorphic to iF and if y^  , y^/ are in Mi  ^ , A/i
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i
r e s p e c t i v e l y ,  th e n  Y^_1 i s  Y^P^_1
The s e t  o f  I \  w ith  th e  homomorphisms form  an in v e r s e  sy s te m .
L et T d e n o te  th e  in v e r s e  l i m i t  o f  th e  sy s te m . The e le m e n ts  o f  T a re  
v e c to r s
y -  ( • • • >  y.i .  • • • )
in  th e  d i r e c t  p ro d u c t  II T . f o r  w hich
i a z  'L
Y -P^ = Y^ f o r  a l l  i  < 0 .
The a c t io n  o f  y on an e le m e n t /  o f  F i s  d e f in e d  by
Y \
f  = /
w here /c i s  th e  l e a s t  p o s i t i v e  i n t e g e r  such  t h a t  f  i s  in  F^ . I t  can
e a s i l y  be checked  t h a t  T i s  th e  au tom orph ism  group o f  F .
L e t S be th e  s p l i t  e x te n s io n  o f  F* by T . F or f  in  F* , w ith  
k as a b o v e , l e t
y f = {.,y f t i , ,
w h e re , f o r  i  > k , y ,, . i s  d e f in e d  by y . /  b e in g  in  A/2 a n d , f o r
11'1' ^
k1 5 i  < k , Y f  i  i s d e f in e d  by y^, ^ = y^, ^p^ . S in c e ,  f o r  Y, j  w ith  
i  < J ,
= yf,i •
i t  fo llo w s  t h a t  y ^ f  i s  in  5  . L e t
M* = {Y^f : /  € F*} •
S in ce  each  Ml i s  a  g ro u p , M* i s  a  su b g ro u p  o f  S . M oreover, i f  f  i s
'Is
1 , th e n  y „  . i s  th e  i d e n t i t y  au tom orph ism  f o r  a l l  i  and T n M* i s  
J F1
t r i v i a l .  A lso , f o r  y f  in  S ,
y f  = (y y ^ 1 )  (y j / )  « w *
and s o ,  s in c e  I'M* i s  c o n ta in e d  in  S , i t  fo llo w s  t h a t  TAf* i s  S' and
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M* i s  a complement o f  T in  S .
L et M be  t h e  n e a r - f i e I d  o b t a i n e d  from M* and l e t
« I  = { Y j f  € •
Then M c o n ta i n s  s u b - n e a r - f i e l d s  AT. a n d ,  c l e a r l y ,  f o r  each  i  ,
i s o m o rp h ic  t o  AT. and hen ce  a l s o  t o  ÜT. . But e v e ry  e le m e n t  o f  M
AT. f o r  some i  and so  M i s  t h e  u n ion  o f  i t s  s u b - n e a r - f i e l d s  Mh
Theorem 7 .2  e n a b le s  isom orph ism s b e tw een  H.  and M.  t o  be  l i f t e d
be tw een  tf. , and M.  , . T hus ,  s i n c e  #  i s  t h e  u n io n  o f  t h e  H.^ + l  ^
n e a r - f i e l d s  H and M a r e  i s o m o r p h ic .  But M i s  r e g u l a r  and  so
a l s o  r e g u l a r .  □
M. i s  
i s  in
t o  ones 
, t h e  
H i s
9. Invariants of  l oc a l l y  f i n i t e  near- f i e lds
S in c e  t h e  i n v a r i a n t s  o f  f i n i t e  r e g u l a r  n e a r - f i e l d s  were d e te rm in e d  in  
s e c t i o n  5 ,  a l l  l o c a l l y  f i n i t e  n e a r - f i e l d s  c o n s id e r e d  i n  t h i s  s e c t i o n  w i l l  be  
i n f i n i t e .
9.1 DEFINITION. L e t  F be  a  l o c a l l y  f i n i t e  n e a r - f i e l d  w i th  c e n t r e  
Z . I f  a; i s  i n  ^  , t h e n  x  g e n e r a t e s  a  f i n i t e  r e g u l a r  n e a r - f i e l d  in  
DF(p, l ( x ) , n ( x )) . L e t  L( F ) , N(F)  be  d e f i n e d  by
L(F)  = 1 . c .m .{ l ( x )  : x  € Z*} ,
N(F)  = l . c .m .{ n ( a O  : x  £ F*} . □
The S t e i n i t z  numbers p ,  L( F ) , N( F) a r e  i n v a r i a n t s  o f  F .
9.2  DEFINITION. An o r d e r e d  t r i p l e  p ,  L , N o f  S t e i n i t z  numbers i s  a 
D ickson t r i p l e  w henever
(1 )  p i s  a  p r im e ;
(2 )  i f  v  i s  a  p r im e  o r  4 and r  d i v id e s  N , t h e n  r  d i v i d e s
I
p -  1 f o r  some l  d i v i d i n g  L ;
00(3 )  i f  v  i s  a p r im e  d i v i s o r  o f  N , th e n  r  does n o t  d i v id e
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N o r  L ;
(4 )  i f  N i s  i n f i n i t e ,  t h e n  L i s  i n f i n i t e .  □
The f o l l o w i n g  lemma i s  t h e  f i r s t  s t e p  in  showing t h a t  t h e  i n v a r i a n t s  
p ,  L(F) , N(F)  o f  a l o c a l l y  f i n i t e  n e a r - f i e l d  form a Dickson t r i p l e .
9 . 3  LEMMA. L e t  F be a l o c a l l y  f i n i t e  n e a r - f i e l d .  I f  r  i s  a 
00
■prime, then r  does n o t  d i v i d e  N(F)  .
P r o o f .  By Lemma 8 . 1 ,  F i s  t h e  u n ion  o f  an i n f i n i t e  c h a in
F c: F c  . . .  c  F . c  . . .
1 — 2 — — t  —
o f  i t s  f i n i t e  s u b - n e a r - f i e l d s .
L e t  F^  be  in  t h e  c l a s s  DF ( p , Z^ , . I t  i s  a  consequence  o f
Theorem 6 .5  t h a t  n.  d i v id e s  nv
0°
Assume t h a t  r  d i v i d e s  N(F)  f o r  some prim e r  . S in c e  n  ^ d i v id e s
n . , f o r  a l l  i  , t h e r e  i s  an i n f i n i t e  s u b -c h a in  ^ t l
i t  1 f o r  a l l  i  . Thus N(F) = l . c . m . j n . }
such t h a t ,  i f
d i v id e s  n n t t l
F\
F! cl FI c  . . .  cl F I cl .1 — 2 — — i  —
i s  in  DF ( p , , n ! )  , th e n
f o r  a l l  i  .
r d i v id e s and r
L e t  H ' , H be  e le m e n ts  o f  t h e  s u b - c h a i n ,  b e lo n g in g  t o  t h e  c l a s s e s  
DF(p, Zf , n' )  , DF(p, Z, n) r e s p e c t i v e l y  and w i th  H1 a  s u b - n e a r - f i e l d  
o f  H . By Theorem 6 . 5 ,
V  = (ZJ, l ' n r)
where J i s  (p^n- l )  /  {p^ n - l )  . Thus
l ’n'  I ' n 1 ( l n / 1 ' n 1 -1)J  = 1 t  p t  . . .  t  p
= I n / l ’n 1 mod (p^ n - l )  .
S ince  p,  Zr, f t '  i s  a  f i n i t e  D ickson  t r i p l e ,  n '  d i v id e s  p - 1 .
Thus, f o r  some i n t e g e r  k ,
I  = Zn/Z rn ’ + kn'  .
Let  Z = (Z, l ' )  , l  - s i  and Zf = ZZ . Now
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tT = Z f - Z (s X , tn') .
Since (s, t) = 1 , it follows that
i = (I, tn') - (sn/tn' + /cn', tn') .
Since r is a prime divisor of n/n' , the assumption that r does not 
divide t leads to the contradiction that r divides both n/tn' and
(Xn ' , and hence t . Thus r divides t and so r divides Z’ . Let r
be the highest power of r dividing l* . Since (s, t) is 1 , the
0L~ 1highest power of r dividing l is at most r . Since lf is finite,
there will be some integer j such that r does not divide lf. . But H r
J
was an arbitrary element of the infinite sub-chain and v divides 1 ’ , 
which is a contradiction. □
9.4 THEOREM. The invariants p, L(F), N(F) of a locally finite 
near-field form a Dickson triple.
Proof. Let F be a locally finite near-field with invariants 
p, L(F), N(F) and centre Z . Let L - L(F) and N = N(F) . By Lemma 
8.1, F is the union of an infinite chain
F, c= F a ... czF.cz ...
1 —  2 —  —  v —
of its finite sub-near-fields. Let F^ be in DF(p, Z-^., n^) . Since n^
divides li+1 for each i , it follows that N = l.c.m.jn.} .
Let A = 1 .c.m.\l.n.} . By Lemma 9.3, N has no divisor of the form 
1l✓ 'l'
r . Thus there is a unique Steinitz number A/N such that N • A/N = A . 
If x is in Z* , then x generates a field H in DF(p, l(x), l)
and, for some k , H is a sub-near-field of F1 . Since H is a sub-x k x
field of Z , it is a sub-field of the centre of F . , for all j > k .
0
Hence Z(or) divides for all j > k . Since divides ^+]_n-Z+1
A = l.c.m.{Z.n. : j > J J
for all Z ,
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and, similarly,
N = 1.c.m.\n . : j > k\ .1 J J
Thus L = l.c.m.{l(x)} divides A/N .
Conversely, let s^  be a prime power divisor of A/N . Since, for
any fixed k , A = l.c.m.\l.n. : j > k] , it follows that must divideJ C
infinitely many integers Z^  . If, for all k such that s  ^ divides
Z^  ? there is an integer £ greater than k such that s does not 
divide Z^  , then, since Z^ n^ , divides Z^n. » it follows that s divides
OO
nJnk and thus s divides N , which contradicts Lemma 9.3. Hence there
is an integer k such that divides l^  for all i > k . Thus, if
t t t
Z - s, s_ ... s V is a finite divisor of A/Ä/ , then Z divides l. for 1 2  V t
all sufficiently large £ . Hence, for such integers £ , the centre of
I
F\ contains a unique sub-field of order p and this sub-field is
contained in Z . Thus Z divides L and, since
A/N = l.c.m.{all finite divisors of A/N} ,
A/N divides L . Hence L equals A/N .
It will now be shown that p, L, N satisfy conditions (2), (3) and 
(4) for a Dickson triple.
If v is a prime or 4 and r divides N , then there is some integer
j such that v divides n. for all £ > j and, since P> Z .J
l . £
Dickson triple, r divides p  ^- 1 . Let i 1 2
lj S1 s2 . . .
the s. are distinct primes . Let
t' tl V
i - (;lr L) = si s2 Vsv
and tl < t. for 1 < £ < v . If tl < t. , then there is an
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t\\ 1
such that s . does not divide Z. for all k > w . . Let ^ k z
u - max{j, : t\^ < t^ } .
I
Then r divides n and hence r divides p - 1 . Furthermore,u r
l = [ l ., Z ) and thus
Pl - 1 - b lj-1. v u-1) •
l
Hence r divides p - 1 and, since l divides L , condition (2) is 
satisfied.
Let v be a prime divisor of N . Since divides ^ov aH
z , there is an integer k such that r divides n for all a > k . If 
00
r divides L , then there are two near-fields in the chain, F anda
F d , with 3 > ot > k , such thatp
= and ^3 = > where j > z ,
and
d = Lg. d = i •
By Theorem 6.5,
l = r V  = (X_r, l n 1 a a  ^ 3 a a;
= [r^' ^Z'T, Z'n ) . ^ 3 9 a a'
✓ N 00But r divides , contradicting = 1 . Thus r does not divide
L and this, together with Lemma 9.3, ensures that condition (3) is 
satisfied.
If N is infinite, then it follows from Lemma 9.3 that N has 
infinitely many prime divisors. If L is finite this is clearly impossible
since each prime divisor of N divides p^ - 1 . Thus condition (4) is 
satisfied and the proof of the theorem is complete. □
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9.5 COROLLARY. The centre of an infinite locally finite near-field 
is infinite. L]
9.6 THEOREM. Let p, L, N be a Dickson triple and DF(p, L, N) the 
class of locally finite near-fields of characteristic p with L{F) equal 
to L and N(F) equal to N . If N is finite} then DF(p, L, N) 
contains §(N)/g isomorphism types> where cj) is the Euler function and g
the order of p modulo N . Otherwise3 DF(p, L, N) contains 2 0 
isomorphism types.
Proof. The first part of the proof consists of showing that DF(p, L, N) 
contains at least one near-field.
Let R be the set of prime divisors of N , naturally ordered so that,
if r.. r. are in R and i < j , then r. < r. . Let L be the set of 
i 0 is 0
prime divisors of L , T the set of primes dividing L infinitely and let
S = (L \ T) \ (L n R) ,
where, again, T and S are naturally ordered. Since p, L, N is a 
Dickson triple, the sets R, S and T are disjoint and
" = nr.€R I ’ with 0 < °i < “ 5
t
L = h-.CR * i ns .€S S] °  \ ( T  *k ’ With 0 5 h  < " ’ 0 < L  < C
t 0 R
If any of the sets R, S or T is finite, then in what follows all 
, s_£ or t^ with i too large will be taken to be equal to 1 .
If is 2 and 4 divides N , let l  ^ be the
integer divisor of L such that 4 divides i—1 1
or if r is 2 but 4 does not divide N , let l .
positive integer divisor of L such that
ri
divides
Let
B5
$1 Y1  ^ a
l± = l . c . m . 2*1 S-L1^1| and ^  .
For £ > 1 , let
7-i J 7 T 3  IZ£ " ^£_i5 ^£’ P£ s£ t1t2 M  ’
a. a a.1 2  in . = 2* , 2» ... v .i 1 2 i
Now r divides p - 1 and, if 4 divides # , then 4 divides
h  hp - 1 and hence also p - 1 for all £ . If z»,2» ... r. , dividesr r 12 i-l
l. , l.
p - 1 , then ••• v  ^ divides p - 1 , since Z^   ^ divides Z^
and Z^. divides Z^. . Thus p, Z^ , is a finite Dickson triple for each
£ .
Let X equal Z. ,n. , where £ is greater than 1 . Clearly Xi-l i-l
divides Z.n. and every near-field in DF (p, Z., n.) has a sub-near-field
of order pX . By Theorem 6.5, this sub-near-field is in DF(p, Z', X/Zf) 
where Zf is defined by
Z .n. -v
J = (p  ^^l)/(p -l) and Z' = (Z^ J, X) .
£ ANow n. - n. ,r. and Z. , divides Z. . But n. . divides p - 1 and i i-l i i-l i t-1
X
Thus
J = fZ./Z. , mod n. ■ K i i-l' i 1--
(Z£Js X) Z£-l ^£/Z£-J r£ ’ 1-1
= z£-1 ^£/Z>£-J 9 ni-.
^1 ^2 ^£-1since r. does not divide n. , . Since r, rn ... r.  ^ divides Z. ,i i-l 1 2 i-l i-l
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and Z. divides L , it follows that r. does not divide Z ./l. , for i J ^  ^ - l
1 < j 5 i-1 . Thus
[ V L  J 2, n = 1'£ £-lJ * '"i-lj
and Z' = Z. n , Ä/Z' = n. , . Thus the sub-near-field of order is'Z'-l t,-l r
in DF(p, Zi_1, .
Let F^ be a near-field in DF(p, Z^, n ) . Given Ft. , let
be a near-field in DF(p, Z^ .+^, nf+l^ containing a sub-near-field
isomorphic to F^ - such a near-field exists by Theorem 7.1 - and let
"Z11 I0^ be an isomorphism from F\ into F^+^ . For j > i , let 0£ be the
corresponding isomorphism from FL into F^ . The set of near-fields F^
-7with the isomorphisms 0h form a direct system. Let F be the direct
limit of this system. Then F is a locally finite near-field and F 
contains an infinite chain of sub-near-fields
F  c L  c ... c F. c ...l —   ^ ^ —
with ZL isomorphic to F^ . It follows from the construction that
if(F) = l.c.m. {n.- N .
hAlso, since s., t. do not divide F and r. divides Z. for all £ ,
L(F) = l.c.m. {Z.n.}/tf = L .
Thus the invariants of F are p, L, N as required.
The next step is to show that every near-field in DF(p, L, N) is the 
union of a chain of sub-near-fields
D c p c ... c D. a  ...
1  —  z  —  —  t  —
with ZF. in DF(p, Z^, , where Z., n. are defined as above. Clearly,
if this is so, every near-field in DF(p, L, N) is isomorphic to one
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obtained by the construction given above.
bet D be a near-field in DF(p, L, N) . Then D is the union of 
some infinite chain of sub-near-fields
Af c Af c . . . cz M . cz . . . ,
where AT. is in DF(p, Z^ , . Let X* be a finite divisor of LN .
Since Z^n^ divides for a-*-^  ^ and ^  ~ 1*c.m.{ ,  there
is an integer j such that X* divides Z '.ftand Af. has a sub-near-
3 3 3
_
field of order p . Let X. = Z.ft. and let Af. be the sub-near-field r ^ ^ ^ t
of D of order p  ^ . Then Af^ is in DF(p, Z1, ft?) for some Z?, ft?
with X. = Z?ft? .
Now for each k , divides LN and, since LN = l.c.m.jX^} ,
there is some integer u such that Z'ft' divides X . But M, and Af
K K Zi K U
are both sub-near-fields of Af. for some J . Thus Af, is a sub-near-3 k
field of M . Similarly, for each f , M. is a sub-near-field of
M. . Thus D contains an infinite chain ^+l
AT <= j? a ... c M . c . . . .1 —  2 — — t —
The union of this chain contains the union of the Af. , which is D . So 
D is also the union of the AT. . Thus it only remains to be shown that 
Z? equals Z. and n*. equals n. for all i .
some integer k 5 does not equal Z^ (and hence
. ). If ft, divides k n* , then k n* - n,r k k where v
ii H V# since nk divides N . But l*n? - Z7 ft, k k k k
Since p, zp YL*k is a Dickson triple, v. divides
lk/vp - 1 for i - 1, ..., k . This contradicts the choice of Z^  , which
i :; (1 i v i ::'i b l o  by o n ly  t h o s e  f a c t o r s  o f  N / n ^ riee.e ss.iT’y 1 o en su re■ lh.il  r .
'L
d i v i d e s
K
p  -  1 for Z = 1, . . . ,  k  . Thus azv . does not d i v i d e  n? for k
some Z hsuch that 1 5  Z 5  k  . But tr. divides Z^ and so
ßi +i
r .
divides Z,* . Also, since N = l.c.m.jnll 
k  1 Jj and
V 1
r . does not divide L
there is azan integer V such that divides ßi + in* and r.V ^ does not
divide Z* . Now M1 is a sub-near-field of M and thus V k v
H - H1’ ltn$
where I - But
A = l*n*V V V Z n v v and A7 = l*n* - Z7n, k k k k k
Thus
1 - ( V ^ c K + l 1 ••• rv mod nk
and
( [ V ^ h  nk) = 1 •
1
Hence does not divide I and 2V. does not divide , which is
a contradiction. Thus l* is Z. (and hence n*. is n. ) as required.
Let be the order of p modulo n. . It has just been shown that
every near-field F in DF(p, L, N) can be obtained as the direct limit 
of near-fields F^  in DF(p, Z^ ., n?) with the isomorphisms 0^ . It 
follows from Theorem 7.2 that the isomorphism type of F depends only on
the isomorphism types of the F^  and not on the choice of the isomorphisms 
0^ . By Theorem 5.6, there are §[n^/g choices for F  ^ . For Z > 1 ,
choices forit follows from Theorem 7.1 that there are
8()
If N is finite, then there is an integer k such that is N
for all i > k . Then, clearly
9i 1  f 0 r  >  '
Thus the number of isomorphism types in DF(p, L, N) is
^  _ <f>(\)
“tT* ’ C l  =
= «Kff)/? .
Let N be infinite. If (\>{n^ ]g^  /^(j) (Vk  is 1 for all but
finitely many i , then there is again an integer k such that
= 1 for a11 i > k •
ai a2Since n . = r r  ... r. , where the r. are distinct primes for 
“V J- Z 'b #7
i •
l S j ' S t
< t> K 0  = <(>
and
a.-l
1 ( v 1) ■
Thus
a.-l
H  = ■
Let i - k + 3 . Then r. , and r. are both odd and 2 divides both^-l ^
 ^- 1 and - 1 . But, if gr = (j)
a^
, then certainly divides
n r
py - 1 . Thus, since n . -I 5 v . ^-l = 1 , it follows that g\ divides
<7 = l.c.m.jgs. p f} . But, since 2 divides g^   ^ and - 1 ,
3 £ rl (ri-l)gi_1/2 ,
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which is a contradiction. Thus, for infinitely many i > 1 ,
1  <  <  ”  •
Hence the number of isomorphism types in DF(p, L, N) is 2 . □
Keeping the same notation as in the proof of Theorem 9.6, it is clear 
that if F is the direct limit of the near-fields F\ , then F is deter­
mined, up to isomorphism, by the Dickson triple p, L, N and the sequence 
^1» ^2’ **’ PolynoTnials> where F\ has invariants p, l^ ,
and k. . If /V is finite, then the sequence of polynomials has the
property that for some k , = k-^ for all i > k . The sequence can
thus be defined to terminate at the k-th term. Hence the following result 
is a corollary to Theorem 9.6.
9.7 COROLLARY. A locally finite near-field is determined, up to 
isomorphism, hy a Dickson triple p, L, N and a sequence
(h) = *il9 fc2, ..., ...
<9/ monic irreducible polynomials over GF(p) . L]
The Dickson triple p, L, 2V and the sequence of polynomials (h) 
will be called the invariants of the near-field.
10. Automorphism groups
Before proceeding to determine the automorphism group of a locally 
finite near-field, a more explicit description of the automorphism group of 
an absolutely algebraic field than that given in section 8 is needed. But, 
firstly, some more notation is necessary.
For a prime p , J will denote the additive group of the ring of
p-adic integers (see, for example, [24], p. 17).
For two groups B, C , their direct product will be denoted by B x C . 
If Z is an index set and : O € Z} is a set of groups, then the
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(complete) direct product of the groups B will be denoted by
n B . aEE g
For a description of direct products, see, for example, section 8 of [24]. 
(Although the notations for Steinitz numbers and direct products are 
similar, it will always be clear from the context which is meant.)
For convenience, throughout this section, C(n) will be used to 
denote the cyclic group of order n .
Let F be an absolutely algebraic field of characteristic p and 
degree A . Let U be the set of primes dividing A only finitely and 
let T be the set of primes dividing A infinitely, both sets being 
naturally ordered. Then
6ia  = n ... u . n , ,-r t .u . €u v t .£ I n
^ .7 d
with 0 < 6. <
10.1 LEMMA. The automorphism group of F is isomorphic to
6
n Cl I c ui€U
ii.
* h . a  Jt. •
3 3
Proof. For the purposes of this proof, if either of the sets LI or 
T is finite, then all u  ^ or t^  with i sufficiently large will be
taken to be 1 .
For i > 1 , let
-> » it 5k .i-k+ix' = n  . . u 7 t7 ^ l<k^i k k
X!
Let F^  be the sub-field of F of order p . Then F is the union of 
the F . .
If T is the automorphism group of F , then, as in the proof of 
Theorem 8.2, T is the inverse limit of the groups I\ (with the
jhomomorphisms ), where I\ is cyclic of order X^ . Thus
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Ti ni Ai,k X niSk^i Bi ,/c *
Kwhere 4^ ^ is isomorphic to C u^ and B^ ^ is isomorphic to
C ,i-k+1 . For fixed k and appropriate i, j , let (y^ J ^  and
*7be the homomorphisms induced by on the A^  ^ and B\ ^ respectively.
The 4. , and the B . , , with these homomorphisms, form inverse systems.
is 9 K. u  j  rv
Trivially, if 4^ is "the inverse limit of the A^ ^ , then 4^ is
6,
isomorphic to C Moreover, if B^ is the inverse limit of the
B. . , then by [24], p. 62, Example 2, B, is isomorphic to <7,'b K
It follows from Theorems 8.2 and 12.1 of [24] that direct product and 
inverse limit are limits (in the category of abelian groups) in the 
categorical sense. However, limits commute (see, for example, [46], p. 211). 
Thus T , which is the inverse limit of the I\ , is isomorphic to the direct
product of the 4^ and B^ . That is, T is isomorphic to
6
n cn C u . €U
‘i
t . * nt ,€T J t . ■
0 3
Let D be a near-field in DF(p, L, N) and let A = LN . The 
notation of the proofs of Theorem 9.6 and Lemma 10.1 will be retained. In 
particular, l are defined as in Theorem 9.6 and is the order of
p modulo . Also U is R u S . Let
G = l .c .m .{ 3y
and let 1/ be the set of primes dividing G infinitely and let
W = T \ 1/ ,
where, again, l/ and W are naturally ordered. Then
e . y .•7, 7 00G - n ... u . II .... w . n v , uyü  ^ w .€W j fc
where 0 5 £. < 6. and 0 < y . <  ^  ^ J
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10.2 THEOREM. The automorphism group of D is isomorphic to
n ell cu . €U
6 .-£.% ^ x n j
W .Ew W . J J
Proof. As in the proof of Theorem 9.6, D is the union of a chain 
of sub-near-fields
D c D c . . . c D . c . . . ,1 —  2 —  —  %  —
with DL in DF(p, . If is in DF(3, 1, 2) , then i will be
taken to be greater than 1 for the remainder of this proof. Let
X . = l.n. .
Let p_£ be the mapping taking every automorphism of D to its 
restriction to LL. . If y, is the automorphism of the field of order
Xip  ^ which takes x to ccP and y is an automorphism of D , then it 
follows from the remarks after Theorem 5.7 that
Yp; =
9i^'i
for some p . . Moreover if, for i < j , p'? is again the homomorphism
taking y. to y. , then 
J ^
Yp/ i = Ypi (*)
and so y is clearly an automorphism of the field F of characteristic p 
and degree A .
By Lemma 10.1, the automorphism group of F is
6
r = n ... C u^€U
-r 6
it • x n .. j x n .. j 
0 c  ^ ^
where, for ^ in (J , C ) is cyclic of order w and, for t in 
1/ u W , J is isomorphic to J . Let C[u ) be the subgroup of
Is
(S 6 £C[u ) of order u . For w in W , let be the highest power of
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W dividing G and let be the subgroup of J consisting of all
w -th powers. Let A be the subgroup
n cn cM . tu
6 .-e .t 'Li. x n cUI J *W .€w w . J J
of r . If Y is in A then, for all k ,
X7
6 .
* N Is Is # #where x^ J divides 11^ ^  11^ ^  w . and, for all t, J ,
r u ] i i .  ■'i.7the integers ui 5 Xk \ > and W • divide • Conversely, every
Y in T satisfying the above conditions is in A .
Let g^ = [pi A^ J . Since no V in 1/ divides A^/(X^, x^ ) » it
follows that A consists of just those elements Y for which g  ^ divides
X^  for all k .
Since G = l.c.m.{g^} , if Y is in A , then g^ divides x^  for
all k and Y is an automorphism of V . Conversely, if Y is an
automorphism of D , then, as before,
r- , gkT]k
w k = Pffc) •
Since g^ divides g .
that g^ divides g .
3
= V *  mod •
Thus, since g^ divides both g. and A^  , it follows that g^ divides 
g^p^ . This is true for all k and so y is in A . Thus A is the 
automorphism group of D .
Now the subgroup J^ of e7 consisting of w^-th powers is itself 
isomorphic to J and so the automorphism group of D is isomorphic to
n C 
ui(U
ei,u.1 1 x n jw .tw w . o J
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EPILOGUE
An algebra over a field is locally finite if every finite subset 
generates a finite dimensional sub-algebra.
The question whether every algebraic algebra is locally finite is 
usually referred to as the Kuros problem.
The definition for locally finite near-fields given in section 1 is 
analogous to the definition for groups and seems the appropriate one to have 
used throughout this work. However, a more general definition can be given 
in order to include near-fields of characteristic zero.
A near-field is locally finite if every finite subset generates a 
sub-near-field of finite dimension over its prime field.
The question whether every near-field, which is algebraic over its 
prime field, is locally finite could perhaps be called the Burnside-Kuros 
problem for near-fields.
(For the purposes of the above question and those that follow, it would 
seem appropriate to define an element of a near-field to be algebraic over 
any sub-field of the kernel if it generates a sub-near-field of finite 
dimension over that sub-field. It is, of course, not at all obvious whether 
such a definition would co-incide with the possible definitions in terms of 
near-field ’'polynomials".)
More immediately, to continue the analogy with fields, one could ask 
the above question only for near-fields of prime characteristic.
A different restriction on the near-fields leads to the following 
question. Is every near-field, in which every element generates a sub-near- 
field of bounded finite dimension over the prime field, locally finite?
The following related question could also be asked. Given a near-field 
of finite dimension over its prime field, in which every element generates a 
sub-near-field of bounded dimension over the prime field, is the dimension 
of the near-field bounded?
Another sort of problem is that of finding conditions on the
multiplicative; group of a near-field which ensure that the near-field is 
locally finite. Here, even the problem of showing that a near-field, 
whoso multiplicative group is isomorphic to that of one of the known locally 
finite near-fields of chapter three, is locally finite presents difficulties. 
An infinite analogue to Satz 1 of Zassenhaus [68] appears to be needed. 
Problems also arise when trying to classify the multiplicative groups 
themselves. However, by putting sufficient restrictions on the multiplicativi 
groups, some results can be obtained.
THEOREM A. If the multiplicative group F* of a near-field F is 
locally finite and has finite exponent3 then F is finite.
Proof. Let G be a finite subgroup of F* . It can easily be checked 
that G has a fixed point free representation over the prime field of F 
(for example, by a similar proof to that of Theorem 1 of [1]). Theorem 
4.7 (Hi) holds also for G a fixed point free group and so every Sylow 
p-subgroup of G is cyclic for p odd and is either cyclic or generalised 
quaternion for p - 2 (alternatively, see Theorems 5.3.1 and 5.3.2 of 
[67]).
Since F* has finite exponent it follows that, for each p , there is 
a bound on the order of the Sylow p-subgroup of G . Thus, since only 
finitely many primes divide the exponent of F* , the order of G is also
bounded. But then F* is a locally finite group all of whose finite
subgroups have bounded order. Thus F* , and hence F , is finite. Q
THEOREM B. Let H be the multiplicative group of a near-field. If
H is locally finite and has no element of order 2 , then both the derived
group, H r j of H and H/Hr are locally cyclic.
Proof. Let G be a finite sybgroup of H . It follows from the proof 
of Theorem A that every Sylow p-subgroup of G is cyclic and thus every 
abelian subgroup of G is cyclic. Also, by Lemmas 4.8 and 4.11, G is 
metacyclic with G 1 and G/GT cyclic.
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Now if a, b , o , d are in H , then they generate a finite subgroup 
of H and so
[[a, £], [<?, d~\\ - 1 .
Thus H' is abelian and H is metabelian. Moreover, since every finite 
subgroup of H r is cyclic, H' is locally cyclic.
Let K be a subgroup of H , containing H 1 , with K/H' finite.
Then K = GH* , where G is a finite subgroup of H . Since H' is normal 
in H 9 it follows that GH'/H’ is isomorphic to G/Hr n G . But G r is 
a subgroup of H ' n G and G/Gf is cyclic. Thus G/H' n G and 
GH'/H’ - K/H' are also cyclic. Thus H/H' is locally cyclic, as 
required. O
In case it should be suspected that near-fields of characteristic p 
are as well behaved as it is possible to expect, this work ends with an 
example of the gross misbehaviour of even finite near-fields. (Good 
behaviour, of course, is behaviour similar to that exhibited by fields!)
It follows readily from the well known results for finite fields that, 
for every positive integer r , there is a bound M p ,  *») on the order of 
finite fields of characteristic p which can be generated by an element of 
multiplicative order r . The following example illustrates that this is 
not true for near-fields.
Let be a near-field in DF(5, 1, 2^) , where k > 1 . Then, by
section 5, D£ has a presentation
^  , , m . tJL t ,-l , <7.£>£ - < a , b ; a = 1, b - a , b ab - a 1)
where q - 5 , n - 2 , m = [q -1JIn and t - m/(q-1) .
n/2Now 4 divides q - 1 and so
n/2q + 1 = 2  mod 4 .
n . n / 2By Lemma 5.3, 4n divides q - 1 and so 2n divides q - 1 . Let
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n r(un/'- n , for some 3' , and let x = Then
2 ,71/2 3 ,711? 3x - b a b  a
= bn [cP)q
71 / 2
- a
where a - t + $[qn^ + 1) = £(l+23f) . Since m = 4t , it follows that x 
has order 8 .
Thus, since there are 2 choices for 3' , there are
2 {c/n ^ tl) elements of order 8 in . Now every sub-near-field of Dy
71/2is contained in the sub-near-field of order q . Thus there are 
elements of order 8 which are not contained in any sub-near-field. Hence 
D-^  can be generated (as a near-field) by an element of order 8 .
REFERENCES
Li I S.A. Amitsur, "Finite subgroups of division rings", Trans. Amen.
Math. Soc. 80 (1955), 361-386.
[2] Johannes Andre, "Uber nicht-Desarguessche Ebenen mit transitiver
Translationsgruppe", Math. Z. 60 (1954), 156-186.
[3] Johannes Andre, "Projektive Ebenen über Fastkörpern", Math. Z. 62
(1955), 137-160.
[4] Johannes Andre, "Uber eine Beziehung zwischen Zentrum und Kern
endlicher Fastkörper", Arch. Math. 14 (1963), 145-146.
[5] Johannes Andre, "Uber unvollständige Fastkörper und verallgemeinerte
affine Räume", Math. Z. 119 (1971), 254-266.
[6] Michael Anshel and James R. Clay, "Planarity in algebraic systems",
Bull. Amer. Math. Soc. 74 (1968), 746-748.
[7] Hans-Joachim Arnold, "Algebraische und geometrische Kennzeichnung der
schwach affinen Vektorräume über Fastkörpern", Abh. Math. Sem. 
Univ. Hamburg 32 (1968), 73-88.
[8] Emil Artin, "The orders of the linear groups", Comm. Pure Appl. Math.
8 (1955), 355-366.
[9] Geo. D. Birkhoff and H.S. Vandiver, "On the integral divisors of
a 1 - bn ", Ann. of Math. 5 (1904), 173-180.
[10] Albrecht Brandis, "Uber die multiplikative Struktur von
Körpererweiterungen", Math. Z. 87 (1965), 71-73.
[11] Martin Burrow, Representation theory of finite groups (Academic
Press, New York and London, 1965).
f12] Robert D. Carmichael, Introduction to the theory of groups of finite 
order (Ginn 6 Company, Boston, 1937; reprinted Dover, New York, 
1956).
[13] P.M. Cohn, "Eine Bemerkung über die multiplikative Gruppe eines
Körpers", Arch. Math. 13 (1962), 344-348.
[14] Charles W. Curtis and Irving Reiner, Representation theory of finite
groups and associative algebras (Pure and Applied Mathematics, 
11. Interscience [John Wiley & Sons], New York, London, 1962).
[15] Susan Danes, "The sub-near-field structure of finite near-fields",
Bull. Austral. Math. Soc. 5 (1971), 275-280.
100
[10 I Susan Danes, "On finite Dickson near-fields", Abh. Math. Sem. Univ. 
Hamburg 37 (1972), 254-257.
T171 Elwyn Herbert Davis, "Incidence systems associated with non-planar 
near-fields", Canad. J. Math. 22 (1970), 939-952.
[18] P. Dembowski, Finite geometries (Ergebnisse der Mathematik und ihrer
Grenzgebiete, Band 44. Springer-Verlag, Berlin, Heidelberg, New 
York, 1968).
[19] Leonard Eugene Dickson, "Definitions of a group and a field by
independent postulates", Trans. Amer. Math. Soo. 6 (1905),
198-204.
[20] Leonard Eugene Dickson, "On finite algebras", Nachr. Akad. Wiss.
Gottingen Math.-Phys. Kl.ll (1905), 358-393.
[21] Erich Ellers und Helmut Karzel, "Kennzeichnung elliptischer
Gruppenräume", Abh. Math. Sem. Univ. Hamburg 26 (1963), 55-77.
[22] Erich Ellers und Helmut Karzel, "Endliche Inzidenzgruppen", Abh.
Math. Sem. Univ. Hamburg 27 (1964), 250-264.
[23] D.A. Foulser, "0n finite affine planes and their collineation groups",
(Thesis, University of Michigan, Ann Arbor, 1962).
[24] Laszlo Fuchs, Infinite abelian groups, Vol. I (Pure and Applied
Mathematics, 36. Academic Press, New York, London, 1970).
[25] Marshall Hall, Jr, The theory of groups (The Macmillan Company, New
York, 1959).
[26] I.N. Herstein, "Finite multiplicative subgroups in division rings",
Pacific J. Math. 3 (1953), 121-126.
[27] D.R. Hughes, "A class of non-Desarguesian projective planes",
Canad. J. Math. 9 (1957), 378-388.
[28] Bertram Huppert, "Zweifach transitive, auflösbare Permutationsgruppen",
Math. Z. 68 (1957), 126-150.
[29] Nathan Jacobson, Lectures in abstract algebra, Vol. Ill - Theory of
fields and Galois theory (Van Nostrand, New York, Toronto,
London, 1964).
[30] Jakob Joussen, "Zum Transitivitatsverhalten der Projektionsgruppen
endlicher Fastkörperebenen", Abh. Math. Sem. Univ. Hamburg 35 
(1971), 230-241.
101
r a i l
[32]
[33]
[34]
[35]
[36]
[37]
[38]
[39]
[40]
[41]
[42]
[43]
[44]
[45]
[46]
Franz Kalscheuer, "Die Bestimmung aller stetigen Fastkörper über dem
Körper der reellen Zahlen als Grundkörper", Abh. Math. Sem. Univ. 
Hamburg 13 (1940), 413-435.
Irving Kaplansky, "A theorem on division rings", Canad. J. Math. 3 
(1951), 290-292.
Helmut Karzel, "Kommutative Inzidenzgruppen", Arch. Math. 13 (1962), 
535-538.
Helmut Karzel, "Ebene Inzidenzgruppen", Arch. Math. 15 (1964), 10-17.
Helmut Karzel, "Bericht über projektive Inzidenzgruppen", Jber. 
deutsch. Math.-Verein. 67 (1964), 58-92.
Helmut Karzel, "Normale Fastkörper mit kommutativer Inzidenzgruppe", 
Abh. Math. Sem. Univ. Hamburg 28 (1964), 124-132.
Helmut Karzel, "Unendliche Dicksonsche Fastkörper", Arch. Math. 16 
(1965), 247-256.
Helmut Karzel, "Zweiseitige Inzidenzgruppen", Abh. Math. Sem. Univ. 
Hamburg 29 (1965), 118-136.
Helmut Karzel, "Zusammenhänge zwischen Fastbereichen, scharf zweifach 
transitiven Permutationsgruppen und 2-Strukturen mit 
Rechtecksaxiom", Abh. Math. Sem. Univ. Hamburg 32 (1968), 191-206.
William Kerby, "Projektive und nicht-projektive Fastkörper", Abh.
Math. Sem. Univ. Hamburg 32 (1968), 20-24.
William Kerby, "Angeordnete Fastkörper", Abh. Math. Sem. Univ.
Hamburg 32 (1968), 135-146.
William Kerby, "Angeordnete Fastkörperebenen", Abh. Math. Sem. Univ. 
Hamburg 33 (1969), 4-16.
W. Kerby and H. Wefeischeid, "Conditions of finiteness on sharply 
2-transitive groups", Aequationes Math. 8 (1972), 287-290.
Heinz Lüneburg, Lectures on projective planes (Lecture notes of the 
University of Illinois at Chicago Circle, Chicago, 1969).
H. Lüneburg, "Über die Anzahl der Dickson’sehen Fastkörper gegebener 
Ordnung", Atti del convegno di geometria combinatoria e sue 
applicazioni3 Perugia, (1971), 319-322.
Saunders Mac Lane, Categories for the working mathematician (Graduate 
Texts in Mathematics, 5 . Springer-Verlag, New York, Heidelberg, 
Berlin, 1971).
102
I 47.1 Wilhelm Magnus, Abraham Karrass, Donald Solitar, Combinatorial group 
theory (Interscience [John Wiley and Sons], New York, London, 
Sydney, 1066).
[48] Carlton J. Maxon^,"On imbedding fields in non-trivial near-fields",
Amer. Math. Monthly 76 (1969), 275-276.
[49] N.S. Mendelsohn, "Non-Desarguesian projective plane geometries which
satisfy the harmonic point axiom", Canad. J. Math. 8 (1956)
532-562.
[50] B.H. Neumann, "On the commutativity of addition", J. London Math. Soc.
15 (1940), 203-208.
[51] Hanna Neumann, "On some finite non-desarguesian planes", Arch. Math.
6 (1955), 36-40.
[52] Donald Passman, Permutation groups (W.A. Benjamin, New York,
Amsterdam, 1968).
[53] Fritz Pokropp, "Dicksonsche Fastkörper", Abh. Math. Sem. Unit).
Hamburg 30 (1967), 188-219.
[54] Fritz Pokropp, "Isomorphe Gruppen- und Fastkörperpaare", Arch. Math.
18 (1967), 235-240.
[55] Fritz Pokropp, "Gekoppelte Abbildungen auf Gruppen", Abh. Math. Sem.
Univ. Hamburg 32 (1968), 147-159.
[56] T.G. Room and P.B. Kirkpatrick, Miniquaternion geometry (Cambridge
Tracts in Mathematics and Mathematical Physics, 60. Cambridge 
University Press, Cambridge, 1971).
[57] S. Vajda, Patterns and configurations in finite spaces (Statistical
Monograph 22. Griffin, London, 1967).
[58] S. Vajda, The mathematics of experimental design (Statistical Monograph
23. Griffin, London, 1967).
[59] 0. Veblen and J.H. Maclagan-Wedderburn, "Non-Desarguesian and non-
Pascalian geometries", Trans. Amer. Math. Soc. 8 (1907), 379-388.
[60] Georges Vincent, "Les groupes lineaires finis sans points fixes",
Comment. Math. Helv. 20 (1947), 117-171.
[61] Heinz Wähling, "Darstellung zweiseitiger Inzidenzgruppen durch
Divisionsalgebren", Abh. Math. Sem. Univ. Hamburg 30 (1967),
220-240.
103
[62] Heinz Wähling, "Invariante und vertauschbare Teilfastkörper", Abh.
Math. Sem. Univ. Hamburg 33 (1969), 197-202.
[63] Heinz Wähling, "Zur Theorie der Fastkörper", (Habilitationsschrift,
Hamburg, 1972).
[64] Heinrich Wefelscheid, "Vervollständigung topologischer Fastkörper",
Math. Z. 99 (1967), 279-298.
[65] Heinrich Wefelscheid, "Zur Konstruktion bewerterer Fastkörper", Abh.
Math. Sem. Univ. Hamburg 38 (1972), 106-117.
[66] Heinrich Wefelscheid, "Bewertung und Topologie in Fastkörpern", Abh.
Math. Sem. Univ. Hamburg 39 (1973), 130-146.
[67] Joseph A. Wolf, Spaces of constant curvature (McGraw-Hill Series in
Higher Mathematics. McGraw-Hill, New York, 1967).
[68] Hans Zassenhaus, "Uber endliche Fastkörper", Abh. Math. Sem. Univ.
Hamburg 11 (1936), 187-220.
[69] J.L. Zemmer, "On a class of doubly transitive groups", Proc. Amer.
Math. Soc. 12 (1961), 644-650.
[70] J.L. Zemmer, "Near-fields, planar and non-planar", Math. Student 31
(1964), 145-150.
[71] J.L. Zemmer, "The additive group of an infinite near-field is abelian",
J. London Math. Soc. 44 (1969), 65-67.
